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MO¨BIUS-INVARIANT SELF-AVOIDANCE ENERGIES FOR
NON-SMOOTH SETS IN ARBITRARY DIMENSIONS
BASTIAN KA¨FER AND HEIKO VON DER MOSEL
Abstract. In the present paper we investigate generalizations of O’Hara’s Mo¨bius
energy on curves [37], to Mo¨bius-invariant energies on non-smooth subsets of Rn of ar-
bitrary dimension and co-dimension. In particular, we show under mild assumptions
on the local flatness of an admissible possibly unbounded set Σ ⊂ Rn that locally
finite energy implies that Σ is, in fact, an embedded Lipschitz submanifold of Rn –
sometimes even smoother (depending on the a priorily given additional regularity of
the admissible set). We also prove, on the other hand, that a local graph structure of
low fractional Sobolev regularity on a set Σ is already sufficient to guarantee finite
energy of Σ. This type of Sobolev regularity is exactly what one would expect in view
of Blatt’s characterization [5] of the correct energy space for the Mo¨bius energy on
closed curves. Our results hold in particular for Kusner and Sullivan’s cosine energy
EKS [35] since one of the energies considered here is equivalent to EKS.
1. Introduction
1.1. Motivation and outline. One of the most prominent examples of a repulsive
energy on curves is the Mo¨bius1 energy introduced by J. O’Hara [37], which can be
written as
EMo¨b(γ) =
∫
γ
∫
γ
( 1
|x− y|2 −
1
dγ(x, y)2
)
dxdy, (1.1)
where dγ(x, y) denotes the intrinsic distance of two points x, y ∈ γ along the curve γ.
Ever since the seminal work of M. Freedman, Zh.-Xu He, and Zh. Wang [19] it is clear
that the Mo¨bius energy can be used as a fundamental tool in Geometric Knot Theory,
and since then a lot of geometric and analytic work has been done. Variational and
gradient formulas were derived and analyzed [22, 43, 5, 24, 25, 26, 44], the regularity
of minimizers and critical points was established in [19, 22, 43, 12, 13], and the L2-
gradient flow was studied in [22, 6, 8]. Various discrete versions of the Mo¨bius energy
were examined [35, 41, 45, 9, 10], and one knows that the round circle is the absolutely
minimizing closed curve [19, 1], whereas the stereographic projection of the standard
Hopf link uniquely minimizes the corresponding version of the Mo¨bius energy on non-
split links in R3 [2].
Apart from the very recent contribution by O’Hara on the self-repulsiveness of
Riesz potentials on smooth immersions [39], comparatively little is known for higher-
dimensional versions of the Mo¨bius energy such as the ones discussed in [4], [35], and
Date: October 9, 2020.
1This name originates in the energy’s invariance under Mo¨bius transformations of the ambient space
as first shown in [19, Theorem 2.1].
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2 BASTIAN KA¨FER AND HEIKO VON DER MOSEL
[40]. It is the aim of this paper to initiate a systematic study of a family of Mo¨bius-
invariant energies on non-smooth subsets Σ ⊂ Rn of arbitrary dimension and co-
dimension. Such an investigation has been carried out for other (not Mo¨bius-invariant)
self-avoiding energies such as integral Menger curvature or tangent-point energies in
arbitrary dimensions [47, 48, 30, 7, 32, 31, 11]
Following the ideas of R. B. Kusner and J. H. Sullivan in [35] we first describe in an
informal way how to use only first order information encoded in the class of admissible
sets to define Mo¨bius-invariant energies. As observed by P. Doyle and O. Schramm [35],
[38, Chapter 3.4] the Mo¨bius energy for closed curves γ : S1 → Rn can be rewritten –
up to an additive constant – in terms of the conformal angle ϑγ(x, y) as
EMo¨b(γ) =
∫
γ
∫
γ
1− cosϑγ(x, y)
|x− y|2 dxdy. (1.2)
The conformal angle ϑγ(x, y) is defined as the angle between the circle S1(x, x, y)
through the points x, y ∈ γ and tangent to γ at x, and the circle S1(y, y, x) also
containing x, y but now tangent to γ at y.
With that idea in mind Kusner and Sullivan [35] created Mo¨bius-invariant energies
defined on embedded, oriented m-dimensional C1-submanifolds Mm ⊂ Rn of the form
EL(M ) =
∫
M
∫
M
L
(
ϑM (x, y)
)
|x− y|2m dvolM (x)dvolM (y), (1.3)
where now the conformal angle ϑM (x, y) is the angle between the two unique m-
dimensional spheres Sm(x, x, y) and Sm(y, y, x), tangent to M at x and y, respectively,
and both containing x and y. In principle, L in the numerator of the Lagrangian
could be any non-negative function vanishing sufficiently fast at zero to balance the
singularity of the denominator. Kusner and Sullivan, however, investigate more closely,
in particular, numerically, the specific energy EKS := ELKS with the numerator
LKS(ϑ) := (1− cosϑ)m. (1.4)
Notice that any choice of L in (1.3) requires first order information about the sub-
manifold, and Kusner and Sullivan provide in [35, Section 11] a convenient method to
calculate the angle ϑM (x, y) in terms of the tangent m-planes TxM and TyM by a sim-
ple reflection. We adopt this idea in Definition 1.2 below, but aiming at non-smooth
sets Σ ⊂ Rn we need to replace classic tangent planes at points p ∈ Σ by suitably
approximating m-planes H(p) that serve as “mock tangent planes”, similarly as in
previous collaborations of the second author on various geometric curvature energies
[47, 48, 31]. These mock tangent planes enter our definition of admissible sets; see Def-
inition 1.1. We then introduce in Definition 1.2 a family of Mo¨bius-invariant energies
Eτ ≡ ELτ parametrized by a scalar τ ∈ R, on non-smooth admissible sets Σ ⊂ Rn
by replacing the numerator L in (1.3) by functions Lτ = Lτ (x, y,H(x), H(y)) that
roughly correspond to τ -dependent powers of the conformal angle ϑΣ(x, y). Instead of
principal angles as in [35], however, we prefer to work with the angle metric
<)
(
F,G
)
:= ‖ΠF −ΠG‖ for two m-planes F , G, (1.5)
where ΠF denotes the orthogonal projection onto the subspace F , and ‖ · ‖ stands for
the operator norm, so that our new energies turn out to resemble the “sin-energies”
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that are discussed only briefly in [35, Section 4]. Nevertheless, we show in Appendix
A that the choice τ = 1 for our numerator Lτ generates a Lagrangian bounded from
above and below by constant multiples of LKS in (1.4). So all of the results described
in Section 1.2 below also hold for the specific Mo¨bius energy EKS studied by Kusner
and Sullivan.
1.2. Main results. Let G (n,m) denote the Grassmannian consisting of all m-dimen-
sional linear subspaces of Rn equipped with the angle metric defined in (1.5). For
x ∈ Rn and F ∈ G (n,m) the orthogonal projection onto the affine m-plane x + F is
defined by
Πx+F (z) := x+ ΠF (z − x) for z ∈ Rn. (1.6)
In addition, let
Cx(β, F ) :=
{
z ∈ Rn : ∣∣ΠF⊥(z − x)∣∣ ≤ β ∣∣ΠF (z − x)∣∣} (1.7)
be the cone around the affinem-plane x+F , centered at x with opening angle 2 arctanβ.
Throughout the paper, Br(x) denotes the open ball with radius r > 0 centered at
x ∈ Rn.
We start with the definition of admissible sets.
Definition 1.1 (Admissible sets). Let m,n ∈ N, 1 ≤ m ≤ n, α > 0, M > 0, and
define the admissibility class A m(α,M) to be the set of all subsets Σ ⊂ Rn satisfying
the following two properties.
(i) Σ is closed, and there exists a function; H : Σ→ G (n,m).
(ii) There exists a dense subset Σ∗ ⊂ Σ, with the following property: For all compact
sets K ⊂ Σ, there exist a radius RK > 0 and a constant cK > 0, such that for all
p ∈ Σ∗ ∩ K, there is a dense subset Dp ⊂ (p + H(p)) ∩ BRK (p), such that for all
x ∈ Dp, there exists a point ηx ∈ Σ ∩ Cp(α,H(p)) with Πp+H(p)(ηx) = x, and
H m (Eα,M (p) ∩Br(ηx)) ≥ cKrm for all r ∈
(
0, RK/10
5
]
,
where Eα,M (p) := {µ ∈ Σ : <)(H(µ), H(p)) < Mα} .
As an immediate consequence of that definition we notice the monotonicity relation
A m(α1,M1) ⊂ A m(α2,M2) for all 0 < α1 ≤ α2, 0 < M1 ≤M2. (1.8)
Intuitively speaking, an admissible set Σ possesses a dense subset Σ∗ of “good points”
p such that the conical portion Σ ∩Cp(α,H(p)) projects densely onto the affine plane
p+H(p) locally near p, and in each of the fibres under this projection there is at least
one Σ-point q near which there is sufficient mass of other Σ-points (possibly stretching
beyond the cone) whose mock tangent planes are close to H(q). We should emphasize
that we neither require Σ to be contained in the cone near p, nor a topological linking
condition as postulated, e.g., in the admissibility class described in [48, Section 2.3],
nor do we assume any relation between the mock tangent planes H(q) of various points
q ∈ Σ ∩ Cp(α,H(p)), or between H(q) and H(p). On the other hand, we do require a
uniform local radius RK once we have fixed a compact subset K ⊂ Σ, which excludes
some of the admissible example sets of previous work such as in [48, Example 2.14 &
Figure 1] with smaller and smaller structures accumulating locally.
It is easy to see that embedded m-dimensional submanifolds Σ := Mm ⊂ Rn of
class C2 without boundary are admissible, since one can choose H(p) := TpΣ for all
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a b
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Figure 1. Admissible sets. Finite unions of embedded C2-submanifolds (a) and
the annulus (b) as the uncountable union of circles with positively bounded radii
are contained in A m(α,M). c. An unbounded set with fine structures accumulating
within a compact subset is in the modified class A m∗ (α,M) for a certain α. d. Finite
unions of smooth manifolds with and without boundary may also be in A m∗ (α,M)
for any positive α and M .
p ∈ Σ∗ := M , so that M ⊂ A m(α,M) for all α > 0 and M > 0. Also finite unions
Σ :=
⋃N
i=1Mi of such C
2-submanifolds are admissible for any α,M > 0 (see Figure 1
a), since one can define H(p) := TpMi(p), where i(p) := min{j ∈ {1, . . . , N} : p ∈Mj}.
For these examples one can allow cK = ωm/2 in Definition 1.1, where ωm denotes the
volume of the m-dimensional unit ball B1(0) ⊂ Rm. Higher-dimensional sets that are
foliated by lower-dimensional C2-submanifolds with a uniform curvature bound can
also be admissible, such as the two-dimensional planar annulus generated by uncount-
ably many circles of varying radius depicted in Figure 1 b. Lipschitz submanifolds,
countable collections of Lipschitz graphs, and the images of compact C1-manifolds un-
der C1-immersions, as well as finite unions of those, also turn out to be admissible; the
detailed proofs of these last statements are carried out in Section 2.
It is possible to relax condition (ii) in Definition 1.1 requiring only sufficiently large
projection of Σ∩Cp(α,H(p)) onto an affine halfspace p+H∗(p), at the cost of adding
a condition relating different measures of flatness, as done for the definition of m-fine
sets in [29, 31]. This generates a new admissibility class A m∗ (α,M) that also contains
non-smooth examples with accumulation zones or certain unions of manifolds with
and without boundaries; see the bottom of Figure 1. All results mentioned below also
hold for this modified admissibility class A m∗ (α,M); for its precise definition and the
necessary modifications in the proofs we refer to Remark 3.14 at the end of Section
3.3.
The conformal angle between the tangential spheres Sm(x, x, y) and Sm(y, y, x) is
defined as the angle between the spheres’ tangent planes TzSm(x, x, y) and TzSm(y, y, x)
at an arbitrary point z contained in the intersection of the two spheres, so, e.g., at
z := x, where one has TxSm(x, x, y) = H(x). This leaves us to compute the tangent
plane TxSm(y, y, x) for which it suffices to reflect TySm(y, y, x) = H(y) at the subspace
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(x− y)⊥ by virtue of the mapping
Rxy : Rn → Rn, z 7→ z − 2|x− y|2 〈z, x− y〉 · (x− y). (1.9)
Therefore, we can express the conformal angle ϑΣ of an admissible set Σ as
ϑΣ(x, y) = <)
(
H(x),Rxy(H(y))
)
.
This leads to the following definition of energies Eτ .
Definition 1.2 (Mo¨bius energies). Let α > 0 and M > 0. For τ ∈ R and Σ ∈
A m(α,M) we define the energy
Eτ (Σ, H) ≡ Eτ (Σ) :=
∫
Σ
∫
Σ
<)
(
H(x),Rxy(H(y))
)(1+τ)m
|x− y|2m dH
m(x)dH m(y). (1.10)
In Lemma A.5 it is shown that the angle in the numerator coincides with the sine of
the largest principal angle, which is invariant under Mo¨bius transformations, so that
according to [35, Section 2] all these energies Eτ are Mo¨bius invariant. For τ = 1 we
prove in Corollary A.7 that Eτ = E1 is equivalent to the Kusner-Sullivan energy EKS
with the numerator (1.4).
Since unbounded sets are not excluded in the admissibility class we can in general
not expect finite energy of the whole set. So, we say Σ has locally finite energy Eτ if
and only if
Eτ (Σ ∩BN (0)) <∞ for all N ∈ N. (1.11)
For admissible sets with locally finite energy we prove the following self-avoidance
result, under a smallness condition on the product of the parameters α and M , which
balances locally the degree of flatness with the mass of regions of mildly varying mock
tangent planes.
Theorem 1.3 (Self-avoidance). For fixed dimensions 2 ≤ m ≤ n there is a universal
constant δ = δ(m) such that for any α,M > 0 with
α(M + 1) < δ/50 (1.12)
every admissible set Σ ∈ A m(α,M) with locally finite Mo¨bius energy Eτ , τ ∈ (−1,∞),
is an embedded Lipschitz submanifold of Rn.
In fact, we prove in Theorem 3.11 that every compact subset K ⊂ Σ possesses a local
graph representation by Lipschitz functions, which according to [36] is even slightly
stronger than Σ being a Lipschitz submanifold.
In Section 2.1 we prove that the image Σ := f(M ) of a compact abstract m-
dimensional C1-manifold M under an immersion f : M → Rn is admissible for
any α > 0 and M > 0. Consequently, one can guarantee that assumption (1.12)
of Theorem 1.3 holds true so that finite Mo¨bius energy implies that Σ is an embedded
C0,1-submanifold of Rn. But the initially granted regularity of M and f leads to the
corresponding smoothness of the embedded submanifold.
Corollary 1.4. Let k ∈ N and suppose Σ = f(M ) satisfies Eτ (Σ) < ∞ for τ ∈
(−1,∞), where M is an m-dimensional compact Ck-manifold, and f : M → Rn is a
Ck-immersion. Then Σ is an embedded m-dimensional Ck-submanifold of Rn.
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So, finite Mo¨bius energy yields embedded submanifolds, which then inherit some
additional presupposed regularity of the admissible set. This effect of a transferred
initial regularity can also be observed in the Lipschitz category; see Corollary 3.12 and
3.13.
Very recently O’Hara proved the self-repulsiveness of the Kusner-Sullivan energy
EKS in the C
2-topology on the class of embedded C2-submanifolds with uniform cur-
vature bounds; see [39, Theorem 3.3]. The equivalence of EKS and E
τ for τ = 1 proven
in Corollary A.7 in Appendix A, together with Corollary 1.4 might help to generalize
O’Hara’s result to self-repulsiveness on suitably normalized C1-submanifolds in the
C1-topology.
While Theorem 1.3 and Corollary 1.4 describe self-avoidance effects of the Mo¨bius
energies Eτ , one may ask, on the other hand, under which regularity assumptions on
(topological) embedded submanifolds one obtains finite energy. It is easy to show that
C2-regularity implies finite energy Eτ for any τ > 0; see Lemma 4.1 and Corollary
4.2. But we prove, in addition, that a relatively mild fractional Sobolev regularity of
the local graph representations is already sufficient to produce finite energy. To state
the precise result we recall the notion of these fractional spaces (see, e.g., [15]): For
an open set Ω ⊂ Rm, and parameters k ∈ N ∪ {0}, s ∈ (0, 1), and % ∈ [1,∞), the
Sobolev-Slobodeckiˇı-space W k+s,%(Ω) is the set of all Sobolev functions f ∈ W k,p(Ω)
such that
[∂βf ]%s,% :=
∫
Ω
∫
Ω
|∂βf(x)− ∂βf(y)|%
|x− y|m+s% dxdy <∞ for all multi-indices β with |β| = k.
Theorem 1.5 (Sufficient fractional Sobolev regularity). If Mm ⊂ Rn is an embedded
compact submanifold with local graph representations of class C0,1 ∩W 2+τ1+τ ,(1+τ)m for
some τ ∈ (0,∞), then Eτ (M ) <∞.
By Corollary A.7, the Kusner-Sullivan energy EKS is bounded from above by a
constant multiple of Eτ for τ ∈ (0, 1) and even equivalent to E1, so that C0,1 ∩
W 3/2,2m-regularity suffices to guarantee finite EKS. This fractional Sobolev regularity
corresponds to the exact regularity that characterizes finite Mo¨bius energy in dimension
m = 1 by the work of S. Blatt [5, Theorem 1.1]. For arbitrary dimensions m ≥ 2,
however, Theorem 1.5 establishes only one direction of such a characterization. It is
open at this point – even for τ = 1 – if the energies Eτ exhibit sufficiently strong
regularizing effects2 to guarantee that finite Eτ -energy yields embedded W
2+τ
1+τ
,(1+τ)m-
submanifolds, even if we add the extra assumption that the admissible set is already an
embedded C1-submanifold. Such a characterization, however, holds true in arbitrary
dimensions for the scale-invariant tangent point energy introduced in [48] but analyzed
there only in the regime above scale-invariance. In an upcoming note we prove the self-
avoidance property on a wider class of admissible non-smooth sets and use Blatt’s
technique developed in [5] to prove the characterization of the exact energy space for
the scale-invariant tangent-point energy. It seems, however, that this energy is slightly
more singular than E1.
2That the energies Eτ do regularize at least to a certain extent is reflected in the fact that certain
types of singularities, like a wedge-shaped crease, lead to infinite Eτ -energy for any τ > −1; see Remark
A.8 in Appendix A.
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1.3. Strategy of proofs. The crucial step to prove the self-avoidance property stated
in Theorem 1.3 is to bound for any given δ ∈ (0, 1) the beta number
βΣ(x, r) := inf
F∈G (n,m)
sup
y∈Σ∩Br(x)
dist
(
y, (x+ F ) ∩Br(x)
)
/r for x ∈ Σ (1.13)
from above by δ on small scales r. This is carried out in Theorem 3.3 with an indirect
argument as follows. Assuming the contrary one finds points p ∈ Σ and q ∈ Σ ∩Br(p)
such that dist(q, p + H(p)) > δr. This geometric situation contributes substantially
to the energy in a way that depends on the angle <)
(
H(p), H(q)
)
between the mock
tangent planes at p and q. If that angle happens to be small then, loosely speaking,
a sufficient amount of mass of Σ near q interacts a lot with strands of Σ through
suitable points contained in the cone Cp(α,H(p)) near p, because according to Part
(ii) in Definition 1.1 the deviation of the mock tangent planes from H(p) is also small
on these Σ-strands near p. These “almost parallel” sheets of Σ thus generate a cer-
tain quantum of energy basically through many almost identical but mutually shifted
tangent-point spheres so that the respective conformal angles are large; see Lemma 3.4.
If <)(H(p), H(q)) is large, on the other hand, then for each mock tangent plane at points
near q there is at least one basis vector that deviates substantially from any basis of
H(p). That basis vector can be used to define a controlled macroscopic shift orthogonal
to its projection onto H(p) to find sufficiently many pairs of tangent-point spheres with
a fairly large conformal angle; see Lemma 3.5. It is interesting to note that the explicit
estimates in those lemmas reveal that two close-by almost parallel sheets of Σ seem to
contribute a lot more energy than transversal sheets close to self-intersection. Such a
phenomenon was first observed for the suitably desingularized Mo¨bius energy on im-
mersed planar curves (m = 1) with self-intersections by R. Dunning [16]; see also the
work of D. Kube [34] who derived a limit energy depending only on the angle between
two self-intersecting arcs, and which is uniquely minimized by the intersection angle
pi/2. Similarly, O’Hara observed in [39, Section 3.1.2] different energy contributions to
the regularized Riesz energies comparing tangential with orthogonal self-intersections
of smooth surfaces (m = 2).
Combining the bounds of the beta numbers with a uniform estimate on dist(ξ,Σ ∩
Br(p)) for points ξ ∈ (p+H(p)) ∩ Br(p) which can actually be derived for all sets in
A m(α,M), one establishes Reifenberg flatness of Σ (Corollary 3.2). This implies by
virtue of Reifenberg’s famous topological disk lemma [42, 46, 23] that Σ is a topologi-
cal manifold locally by-Ho¨lder homeomorphic to the open unit ball in Rm as stated in
Corollary 3.7. But we do not rely on Reifenberg’s deep result, we can take an easier
and more direct route instead to prove the better Lipschitz regularity of local graph
representations in Theorem 1.3. For that it suffices to show that the orthogonal pro-
jections onto approximating planes restricted to sufficiently small balls are bijective;
see Lemmas 3.8 and 3.9. This approach partly inspired by the proof of [14, Proposition
9.1] also leads to the improved C1-regularity of the graph representations in Corollary
1.4, as well as to improved Lipschitz constants as stated in Corollary 3.12.
In Section 4 we estimate the integrand, first assuming C2-smoothness (Lemma 4.1),
and then assuming only fractional Sobolev regularity (Lemma 4.3), which proves The-
orem 1.5.
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In Appendix A we express the angle metric (1.5) in terms of principal angles and
demonstrate how our Mo¨bius-invariant energies relate to the ones considered by Kusner
and Sullivan, in particular to EKS; see Corollary A.7. In Appendix B we prove various
results on general Lipschitz graphs. Of particular and independent interest is Lemma
B.5 stating in a quantitative way that the intersection of two m-dimensional Lipschitz
graphs in Rn is contained in a lower-dimensional Lipschitz graph as long as the m-
planar domains of the graph functions intersect in an angle that is sufficiently large
compared to the Lipschitz constants. This, in some way, generalizes the well-known
fact that the intersection of two transversal C1-submanifolds is a lower-dimensional
C1-submanifold, which is usually proven using the implicit function theorem; see, e.g.,
[21, p. 30].
2. Examples of admissible sets
We already mentioned in the introduction that the class of admissible sets contains
immersed compact C1-manifolds as well as countable collections of Lipschitz graphs,
which we prove now.
2.1. Immersed compact C1-manifolds.
Proposition 2.1. LetM be an m-dimensional, compact C1-manifold and f : M → Rn
a C1-immersion. Then, Σ := f(M ) ∈ A m(α,M) for all α > 0 and all M > 0.
The proof of this proposition is based on the well-known fact that the images of
sufficiently small portions of the manifold M under f can be expressed as graph
patches with arbitrarily small C1-norm; a detailed proof of the following lemma is
carried out in [28, Section 4.3].
Lemma 2.2 (Local graph representation of immersed coordinate patches). Let M be
an m-dimensional C1-manifold for 1 ≤ m ≤ n and f ∈ C1 (M ,Rn) a C1-immersion.
Then for every β > 0 and x ∈ M there exist a radius rx = rx(β, f,M ) > 0 and a
function ux ∈ C1(Txf, Txf⊥) satisfying ux(0) = 0, Dux(0) = 0, and
‖Dux‖C0 < β, (2.1)
such that
f (Ux,rx) =
(
f(x) + graphux
) ∩Brx(f(x)), (2.2)
where we set Txf := Df(x)(TxM ), and
Ux,r ⊂M (2.3)
is defined as the largest connected open subset of the preimage f−1 (Br(f(x))) contain-
ing the point x ∈M .
In order to define H : Σ→ G (n,m) when proving Proposition 2.1 we use a covering
with these local graph patches. Notice that H depends on the choice of the covering
and of the finite subcovering below, and also on the ordering of the finite index set.
Any such choice will lead to an admissible set Σ = f(M ). Note that for compact M
the set Σ is compact, hence closed.
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Proof of Proposition 2.1. By virtue of the monotonicity (1.8) we may assume α ≤ 1.
Now, fix
β := Mα · (M + 1)−1(α+ 1)−1/5 (2.4)
and consider the open covering M ⊂ ⋃x∈M Ux,rx/4 for the sets Ux,rx/4 as defined in
(2.3) with positive radii rx = rx(β, f,M ). The manifold M is compact, so that there
is a finite subcover
M ⊂
⋃N
i=1
Uxi,ri/4 ⊂M (2.5)
for distinct points x1, . . . , xN ∈ M and radii ri := rxi(β, f,M ) > 0 for i = 1, . . . , N .
Set
R := R(α,M, f,M ) := min {r1, . . . , rN} /4, (2.6)
where we note that R depends on α and M via (2.4). Observe that for any y ∈ M
there is at least one k = ky ∈ {1, . . . , N} such that y ∈ Uxk,rk/4 implying f(y) ∈
Brk/4 (f(xk)); hence Br(f(y)) ⊂ Brk(f(xk)) for all r ∈ (0, 3R]. Using (2.2) of Lemma
2.2 we therefore find
f (Uxk,rk) ∩Br(f(y)) = (f(xk) + graphuxk) ∩Br(f(y)) for all r ∈ (0, 3R]. (2.7)
Define H : Σ → G (n,m) as H(p) := Tp( f(xi(p)) + graphuxi(p)) for p ∈ Σ, where
i(p) is the smallest index i ∈ {1, . . . , N} such that p ∈ f(Uxi,ri/4) which is well-
defined by virtue of (2.5). Denote pk := f(xk) and Fk := Txkf and notice that Fk =
Tpk(pk+graphuk) for k = 1, . . . , N . Set Σ
∗ := Σ and fix any p ∈ Σ and abbreviate i :=
i(p) ∈ {1, . . . , N}, ui := uxi(p) : Fi → F⊥i , so that by definition H(p) = Tp−pi graphui.
Now use (2.7) for y ∈ Uxi,ri/4 with f(y) = p and for the radius r = 3R to obtain
f (Uxi,ri) ∩B3R(p) = (pi + graphui) ∩B3R(p). (2.8)
In particular, p = pi+ξ+ui(ξ) for some ξ ∈ Fi. Any other graph point q = pi+µ+ui(µ)
with µ ∈ Fi, is contained in the cone Cp (β, Fi) since (2.1) implies
|ΠF⊥i (q − p)| = |ui(µ)− ui(ξ)| ≤ β|µ− ξ| = β |ΠFi(q − p)| . (2.9)
The Cone Lemma A.2 applied to F := Fi, G := H(p), χ := β, σ := β, and κ := α
implies that any such q ∈ pi + graphui is also contained in Cp (α,H(p)) since Lemma
B.1 guarantees
<) (H(p), Fi) = <) (Tp−pi graphui, T0 graphui) ≤ ‖Dui(ξ)−Dui(0)‖C0 ≤ β (2.10)
with β < α5 ≤ 15 by (2.4) and, therefore, β+(1+β)β1−(1+β)β < 1119α. We deduce from (2.8)
(pi + graphui) ∩B3R(p) = f (Uxi,ri) ∩B3R(p) ⊂ Σ ∩ Cp (α,H(p)) ∩B3R(p). (2.11)
Recall that p = pi + ξ + ui(ξ) for ξ ∈ Fi, so that we can use the Shifting Lemma B.2
to find the shifted function u˜ : Fi → F⊥i satisfying u˜(0) = 0, Lip u˜ = Lipui ≤ β, and
pi + graphui = p+ graph u˜. Therefore, (2.11) yields
(pi + graphui) ∩B3R(p) = (p+ graph u˜) ∩B3R(p) ⊂ Σ ∩ Cp(α,H(p)) ∩B3R(p). (2.12)
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Applying the Tilting Lemma B.3 to u := u˜, F := Fi, G := H(p) with <) (H(p), Fi) ≤ β
by (2.10), so χ := β and σ = χ(1 + Lipu) ≤ β(1 + β) < 1, we find
B (1−σ)%√
1+(Lip u˜)2
(0) ∩H(p) ⊂ ΠH(p) (graph u˜ ∩B%(0)) for all % > 0. (2.13)
For the set Dp := B (1−β(1+β))R√
1+β2
(p) ∩ (p+H(p)) we obtain in particular, by (2.12)
Dp ⊂ Πp+H(p)
(
(pi + graphui) ∩BR(p)
) ⊂ Πp+H(p)(Σ ∩ Cp (α,H(p)) ), (2.14)
so that we can choose a uniform radius
RK ≡ RΣ (α,M, f,M ) := 1− β (1 + β)√
1 + β2
R for all compact K ⊂ Σ, (2.15)
where R is defined as in (2.6) and β as in (2.4). In particular, for all x ∈ Dp there
exists a point
ηx ∈ (pi + graphui) ∩BR(p) ⊂ Σ ∩ Cp (α,H(p)) with Πp+H(p)(ηx) = x. (2.16)
Let L ⊂ {1, . . . , N} be the set of indices l such that <) (T0 graphul, T0 graphui) ≥
Mα/2. Notice, of course, i /∈ L . Then, by Lemma B.1 and (2.4), one has
<) (Tq−pl graphul, Tq−pi graphui) ≥ <) (T0 graphul, T0 graphui)
−<) (T0 graphul, Tq−pl graphul)−<) (T0 graphui, Tq−pi graphui)
≥Mα/2− ‖Dul(0)−Dul(µ)‖C0 − ‖Dui(0)−Dui(ξ)‖C0 ≥Mα/2− 2β > 0, (2.17)
for all l ∈ L and all points q = pl+µ+ul(µ) = pi+ξ+ui(ξ) contained in the intersection
Sl := (pl + graphul) ∩ (pi + graphui), which means that the two C1-graphs intersect
transversally, so that dimH (Sl) ≤ m − 1 for all l ∈ L In particular, for any x ∈ Dp
with ηx as in (2.16), one finds for all r > 0
H m
(
[(pi + graphui) ∩Br(ηx)] \
⋃
l∈L
(pl + graphul)
)
=H m
(
(pi + graphui) ∩Br(ηx)
)
.
(2.18)
Notice, finally, that all points q ∈ ((pi + graphui) \⋃l∈L (pl + graphul)) ∩ B3R are
contained in the set Eα,M (p) introduced in Definition 1.1. Indeed, by (2.12) all such
points q are contained in Σ, and, by definition, the m-plane H(q) is contained in the
set {Tq−pk graphuk : k ∈ {1, . . . , N} \L }, so that there is a k = k(q) ∈ {1, . . . , N}\L
with
<)(H(q), H(p)) ≤ <)(H(q), T0 graphuk) +<)(T0 graphuk, T0 graphui)
+<) (T0 graphui, H(p))
< ‖Duk(η)−Duk(0)‖C0 +Mα/2 + ‖Dui(0)−Dui(ξ)‖C0 ≤ 2β +Mα/2 < Mα,
where we wrote q = pk + µ+ uk(µ) for some µ ∈ Fk, and as before, p = pi + ξ + ui(ξ)
for ξ ∈ Fi, and used Lemma B.1 and (2.4). Consequently,[
(pi + graphui) \
⋃
l∈L (pl + graphul)
] ∩B3R(p) ⊂ Eα,M (p) ∩B3R(p). (2.19)
Now, for x ∈ Dp = (p+H(p)) ∩BRK (p) with ηx as in (2.16) we estimate
|ηx − p|2 = |ΠH(p)(ηx − p)|2 + |ΠH(p)⊥(ηx − p)|2 ≤ (1 + α2)|x− p|2,
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so that |ηx− p| <
√
1 + α2RK < 2RK < 2R, since we assumed α ≤ 1. This implies, by
definition of RK in (2.6),
Br(ηx) ⊂ B3R(p) for all r ∈ (0, RK ] . (2.20)
Combining (2.19), (2.18), and (2.20) we arrive at
H m
(
Eα,M (p) ∩Br(ηx)
) ≥H m([ (pi + graphui) \⋃
l∈L (pl + graphul)
] ∩Br(ηx))
=H m
(
(pi + graphui) ∩Br(ηx)
) ≥H m(ΠFi ((pi + graphui) ∩Br(ηx)) )
≥H m(B
r/
√
1+β2
(0) ∩ Fi
)
= ωm
(
r/
√
1 + β2
)m
for all r ∈ (0, RK ] .
Notice that we used (2.16), i.e., ηx = pi + x + ui(x), so that any other point q =
pi + µ + ui(µ) ∈ pi + graphui with |µ − x| < r/
√
1 + β2 satisfies q ∈ Br(ηx), which
implies B
r/
√
1+β2
(x) ∩ (pi + Fi) ⊂ ΠFi
(
Br(ηx) ∩ (pi + graphui)
)
. 
2.2. Countable unions of Lipschitz graphs. The following considerations can also
be localized to study countable unions of pieces of Lipschitz graphs using similar argu-
ments as in Section 2.1. For simplicity we restrict here to collections of entire Lipschitz
graphs.
Proposition 2.3. Suppose Σ =
⋃
i∈N (pi + graphui), where ui ∈ C0,1
(
Fi, F
⊥
i
)
, Fi ∈
G (n,m), ui(0) = 0, and Lipui ≤ β for all i ∈ N. If
0 ≤ β ≤Mα/16(M + 1) (2.21)
for given α ∈ (0, 1) and M > 0, then one finds Σ ∈ A m(α,M).
Notice that the monotonicity property (1.8) implies that Σ ∈ A m(α,M) for all
α,M > 0 as long as β satisfies (2.21) with α replaced by some constant α˜ < min{α, 1}.
Proof. Fix an arbitrary m-plane F0 ∈ G (n,m) as a ”dummy plane”. Notice that for
every point p contained in the union
⋃∞
i=1 (pi + graphui) there exists a unique smallest
index i(p) ∈ N, such that p ∈ pi(p) + graphui(p), that is, for every 1 ≤ j < i(p)
with i(p) > 1 one has p 6∈ pj + graphuj . Now define the map H : Σ → G (n,m) by
setting H(p) := Tp(pi(p) + graphui(p)) if p = pi(p) + ξ + ui(p)(ξ) for some ξ ∈ Fi
such that Dui(p)(ξ) exists. In all other cases set H(p) := F0, which happens either if
Dui(p)(ξ) does not exist or if p is not contained in any of the graphs pi + graphui.
Let Σ∗ :=
{
p ∈ Σ : p = pi(p) + ξ + ui(p)(ξ) and Dui(p)(ξ) exists
}
. Notice that Σ is
closed by definition, and that Σ∗ ⊂ Σ is dense, since for any ε > 0 and any q ∈ Σ,
there is a point qε ∈
⋃∞
i=1 (pi + graphui), such that |q − qε| < ε/2. For qε there exists
iε := i(qε) such that qε = piε+xε+uiε(xε) for some xε ∈ Fiε . By Rademacher’s Theorem
applied to the Lipschitz function uiε there exists ξε ∈ Fiε such that Duiε(ξε) exists and
|xε− ξε| < ε/(2
√
1 + β2) so that the corresponding graph point q˜ε := piε + ξε +uiε(ξε)
satisfies |q˜ε− q| < ε/2 + |ξε − xε + uiε(ξε)− uiε(xε)| < ε/2 +
√
1 + β2|ξε− xε| < ε. We
may assume that iε = i(q˜ε), since if for every point ξ ∈ Fiε with |xε−ξ| < ε/(2
√
1 + β2)
such that Duiε(ξ) exists, the corresponding graph point σ := piε + ξ + uiε(ξ) had
smallest index i(σ) < iε, we could select a sequence ξk → xε with graph points σk :=
piε + ξk + uiε(ξk) satisfying i(σk) = j for some fixed 1 ≤ j < iε. But this would imply
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(pj + graphuj) 3 σk → qε, so that iε(qε) = j < iε(qε), which is a contradiction. Hence
we have proved that Σ∗ ⊂ Σ is dense.
To check the remaining conditions of Definition 1.1, fix p ∈ Σ∗ and set i := i(p).
Then p = pi + ξ + ui(ξ) for some ξ ∈ Fi, and we can use the Shifting Lemma B.2 to
find the shifted function u˜ ∈ C0,1(Fi, F⊥i ) satisfying
pi + graphui = p+ graph u˜ with u˜(0) = 0 and Lip u˜ = Lipui ≤ β. (2.22)
In particular, similarly as in (2.9)
graph u˜ ∩B%(0) ⊂ C0 (β, Fi) for all % > 0. (2.23)
Now, <) (H(p), Fi) = <) (Tp−pi graphui, Fi) ≤ ‖Dui(ξ)‖ ≤ β, by Lemma B.1. The Cone
Lemma A.2 applied to F := Fi, G := H(p), χ = σ := β, and κ := α, where condition
(A.1) is satisfied due to (2.21), implies graph u˜ ∩B%(0) ⊂ C0 (α,H(p)), and therefore,
(pi + graphui) ∩B%(p) (2.22)= (p+ graph u˜) ∩B%(p) ⊂ Cp (α,H(p)) . (2.24)
The Tilting Lemma B.3 applied to F := Fi, G := H(p), <)(F,G) ≤ β ≡ χ, u := u˜ with
Lipu ≤ β satisfying σ := χ (1 + Lipu) ≤ β (1 + β) < 1, implies
B 1−(β+1)β√
1+β2
%
(0) ∩H(p) ⊂ ΠH(p)
(
graph u˜ ∩B%(0)
)
for all % > 0.
Define for arbitrary % > 0 the flat m-dimensional disks D%p := B 1−(β+1)β√
1+β2
%
(p)∩(p+H(p))
so that
D%p ⊂ Πp+H(p)
(
p+ graph u˜
) ∩B%(p) ⊂ Πp+H(p)(Σ ∩ Cp(α,H(p))), (2.25)
since Cp(α,H(p)) is closed. Now let L ⊂ N be the set of indices l ∈ N, such that
<) (Fl, Fi) ≥Mα/2. (2.26)
For any fixed l ∈ L consider the graph pl + graphul. If there exists a point q ∈
(pl + graphul)∩(pi + graphui) use the Shifting Lemma B.2 to find the shifted functions
u˜l ∈ C0,1(Fl, F⊥l ) and u˜i ∈ C0,1(Fi, F⊥i ) with u˜l(0) = 0, Lip u˜l ≤ β, and u˜i(0) = 0,
Lip u˜i ≤ β, satisfying as in (2.22)
pi + graphui = q + graph u˜i and pl + graphul = q + graph u˜l. (2.27)
We can now use (2.21) and (2.26) to find <) (Fl, Fi) ≥Mα/2 > 8β, which allows us to
apply the Lemma of Intersecting Lipschitz Graphs B.5 for σ := β and χ := Mα/2 to
conclude by means of (2.27)
dimH ((pi + graphui) ∩ (pl + graphul)) = dimH ((q + graph u˜i) ∩ (q + graph u˜l))
= dimH (graph u˜i ∩ graph u˜l) ≤ m− 1, (2.28)
which is true, of course, also if (pl + graphul)∩(pi + graphui) = ∅, so that (2.28) holds
for all l ∈ L. If k ∈ N \ L, on the other hand, we have for any point q ∈ pk + graphuk,
due to (2.21) and Lemma B.1, <) (Tq−pk graphuk, H(p)) ≤ <) (Fk, Fi)+2β < Mα, which
implies for all % > 0
B%(p) ∩
(
(pi + graphui) \
⋃
l∈L (pl + graphul)
) ⊂ B%(p) ∩ Eα,M (p). (2.29)
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For all x ∈ D%/2p = B 1−(β+1)β
2
√
1+β2
%
(p) ∩ (p+H(p)) there is by virtue of (2.25) and (2.24) a
point ηx ∈ (pi + graphui)∩B%/2(p) ⊂ Σ∩Cp(α,H(p)), such that Πp+H(p)(ηx) = x, and
|ηx−p| <
√
1 + α2%/2 < %, since α < 1. This implies Br(ηx) ⊂ B2%(p) for all r ∈ (0, %],
which combined with (2.29) and (2.28) yields
H m (Eα,M (p) ∩Br(ηx)) ≥H m
([
(pi + graphui) \
⋃
l∈L (pl + graphul)
] ∩Br(ηx))
=H m
(
(pi + graphui) ∩Br(ηx)
) ≥H m (ΠFi ((pi + graphui) ∩Br(ηx)))
≥H m(B
r/
√
1+β2
(0) ∩ Fi
)
= ωm
(
r/
√
1 + β2
)m
for all r ∈ (0, %], % > 0.

3. Finite energy sets are manifolds
3.1. Good approximating planes for admissible sets. In addition to the β-
numbers (1.13) measuring the local flatness of a set we introduce here the corresponding
β-number with respect to a fixed plane, as well as the corresponding bilateral flatness
parameter θ.
Definition 3.1. For p ∈ Σ ⊂ Rm, an m-plane F ∈ G (n,m), and a radius r > 0, the
β- and θ-numbers of Σ with respect to F are given by
βΣ(p, F, r) := sup
y∈Σ∩Br(p)
dist
(
y, (p+ F ) ∩Br(p)
)
/r, (3.1)
θΣ(p, F, r) := distH
(
Σ ∩Br(p), (p+ F ) ∩Br(p)
)
/r. (3.2)
We say Σ is an (m, δ)-Reifenberg-flat set if for all compact subsets K ⊂ Σ there is
a radius r0 = r0(K) > 0, such that for all p ∈ K and r ∈ (0, r0(K)], there exists a
plane Fp(r, δ) ∈ G (n,m) with θΣ(p, Fp(r, δ), r) ≤ δ. Minimizing over all m-planes one
obtains analogously to (1.13) the θ-number
θΣ(p, r) := inf
F∈G (n,m)
θΣ(p, F, r)/r. (3.3)
Recall that the Hausdorff-distance of two sets A,B ⊂ Rn is given by distH (A,B) :=
max{supa∈A dist(a,B), supb∈B dist(b, A)} so that
θΣ(p, F, r) = max
{
βΣ(p, F, r), sup
ξ∈(p+F )∩Br(p)
dist
(
ξ,Σ ∩Br(p)
)}
/r. (3.4)
The second term of the right hand side of (3.4) can be bounded uniformly for any
admissible set in A m(α,M).
Lemma 3.2. Let δ ∈ (0, 1) and Σ ∈ A m(α,M) for 1 ≤ m ≤ n, M > 0, and α > 0.
For all compact subsets K ⊂ Σ, there exists a radius %K ∈ (0, RK ], such that for all
p ∈ K ∩ Σ∗, we have
sup
ξ∈(p+H(p))∩Br(p)
dist
(
ξ,Σ ∩Br(p)
)
/r < 2α/
√
1 + α2 for all r ∈ (0, %K ].
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Moreover, for q ∈ K \Σ∗ and any sequence (pi)i∈N ⊂ Σ∗ with limi→∞ pi = q, such that
limi→∞H(q) =: F ∈ G (n,m) exists, one also finds
sup
ξ∈(q+F )∩Br(q)
dist
(
ξ,Σ ∩Br(q)
)
/r ≤ 2α/
√
1 + α2 for all r ∈ (0, %K ].
Notice that for every q ∈ K \Σ∗ there is a sequence (pi)i as stated in the last part of
Lemma 3.2 by density of Σ∗ in Σ combined with the compactness of the Grassmannian
G (n,m).
Proof. First, assume p ∈ Σ∗ ∩ BRK/10(K) and define K˜ := Σ ∩ BRK/10(K). Then
K˜ is compact, since Σ is closed, and the constants RK˜ ∈ (0, RK ] and cK˜ ∈ (0, cK ]
of Definition 1.1 applied to K˜ are solely determined by K itself. So, there exists a
dense subset Dp ⊂ (p+H(p)) ∩ BRK˜ (p) such that for all x ∈ Dp one finds a point
ηx ∈ Σ ∩ Cp(α,H(p)) with
x = Πp+H(p)(ηx) = p+ ΠH(p)(ηx − p), (3.5)
so that
ηx − p = ΠH(p)(ηx − p) + ΠH(p)⊥(ηx − p) = x− p+ ΠH(p)⊥(ηx − p), (3.6)
or ηx − x = ΠH(p)⊥(ηx − p), which implies by the fact that ηx ∈ Cp(α,H(p)) and by
(3.5)
|ηx − x| ≤ α
∣∣ΠH(p)(ηx − p)∣∣ = α|x− p|. (3.7)
In particular, setting %K := RK˜ ≤ RK , we obtain for r ∈ (0, %K ] and x ∈ Dp ∩
Br/
√
1+α2(p)
|ηx − x| < αr/
√
1 + α2 (3.8)
by means of (3.7), and also |ηx − p|2 = |x− p|2 + |ηx − x|2 ≤ (1 + α2)|x− p|2, so that
|ηx − p| < r. Combined with (3.8) one finds
dist
(
x,Σ ∩Br(p)
) ≤ |ηx − x| < αr/√1 + α2 for all x ∈ Dp ∩B r√
1+α2
(p), r ∈ (0, %K ].
By density of Dp in (p+H(p))∩BRK˜ (p), we find for each ξ ∈ (p+H(p))∩Br/√1+α2(p)
and each l ∈ N some point xl = xl(ξ) ∈ Dp ∩ Br/√1+α2 , such that |ξ − xl| < 1/l, and
such that there is a point ηxl ∈ Σ ∩ Cp(α,H(p)) ∩ Br(p) with Πp+H(p)(ηxl) = xl.
Consequently, by means of (3.8) with x replaced by xl, one obtains
dist
(
ξ,Σ ∩Br(p)
) ≤ |ξ − ηxl | < 1/l + |xl − ηxl | < 1/l + αr/√1 + α2 for all l ∈ N.
Taking the limit l→∞, we find
dist
(
ξ,Σ ∩Br(p)
) ≤ αr/√1 + α2 for all ξ ∈ (p+H(p)) ∩B r√
1+α2
(p). (3.9)
For µ ∈ p + H(p) with r/√1 + α2 < |µ − p| < r, we set ξµ := r√1+α2 ·
µ−p
|µ−p| ∈
(p+H(p)) ∩B r√
1+α2
(p), and estimate
dist
(
µ,Σ ∩Br(p)
) ≤ dist (ξµ,Σ ∩Br(p))+ |µ− ξµ| < αr√
1 + α2
+
(
1− 1√
1 + α2
)
r
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=
(α+√1 + α2 − 1√
1 + α2
)
r <
(α+ (1 + α)− 1√
1 + α2
)
r =
2αr√
1 + α2
, (3.10)
so that the combination of (3.9) and (3.10) gives
dist
(
µ,Σ ∩Br(p)
)
< 2αr/
√
1 + α2 for all µ ∈ (p+H(p)) ∩Br(p), r ∈ (0, %K ] (3.11)
if p ∈ Σ∗∩BRK/10(K). Now assume q ∈ K \Σ∗ and take a sequence (pi)i∈N ⊂ Σ∗ with
limi→∞ pi = q and limi→∞H(pi) =: F ∈ G (n,m). Thus, pi ∈ Σ∗ ∩ BRK/10(K) for all
i 1. We claim that
sup
x∈(q+F )∩Br(q)
dist
(
x,Σ ∩Br(q)
) ≤ 2αr/√1 + α2 for all r ∈ (0, %K ]. (3.12)
Indeed, by virtue of the Hausdorff convergence of the m-planar disks (pi + H(pi)) ∩
Br(pi) to the closed disk (q+F )∩Br(q) as i→∞ we can find for any x ∈ (q + F )∩Br(q)
a sequence xl → x as l→∞ with xl ∈ (pl +H(pl)) ∩Br(pl), and by (3.11) applied to
p ≡ pl one finds points µl ∈ Σ∩Br(pl), such that |xl−µl| < 2αr/
√
1 + α2 for all l ∈ N.
Since Σ is closed and by the Hausdorff-convergence we may assume µl → µ ∈ Σ∩Br(q)
as l→∞. Hence, |x− µ| ≤ 2αr√1 + α2, which implies (3.12).
Finally, let r ∈ (0, %K ]. For arbitrary ξ ∈ (q + F ) ∩Br(q) use (3.12) to estimate
dist
(
ξ,Σ ∩Br(q)
) ≤ sup
x∈(q+F )∩B|ξ−q|(q)
dist
(
x,Σ ∩Br(q)
)
≤ sup
x∈(q+F )∩B|ξ−q|(q)
dist
(
x,Σ ∩B|ξ−q|(q)
) ≤ 2α√
1 + α2
|ξ − q| < 2αr√
1 + α2
.

3.2. Finite energy yields Reifenberg flatness. We have seen in Lemma 3.2 that
the second term in bilateral θ-number (3.4) is automatically controlled for admissible
sets in A m(α,M), but in order to control the first term, the β-number, we need lo-
cally finite energy. To begin with, notice that the numerator Lτ (x, y,H(x), H(y)) :=
<)
(
H(x),Rxy(H(y))
)(1+τ)m
of our Lagrangian in (1.10) involving the angle metric de-
fined in (1.5) can be rewritten as Lτ (x, y,H(x), H(y)) = supe∈H(x)∩Sn−1 Fτ (x, y, e) with
Fτ (x, y, e) :=
∣∣ΠH(y)⊥(e)− 2〈e, x− y〉ΠH(y)⊥(x− y)/|x− y|2∣∣(1+τ)m, (3.13)
by means of the explicit formula (1.9) for the reflection Rxy.
Theorem 3.3 (β-number estimate). Let δ ∈ (0, 1), Σ ∈ A m(α,M) for 2 ≤ m ≤ n,
M > 0, and α > 0 satisfy
α(M + 1) < δ/50 (3.14)
and assume that Σ has locally finite energy Eτ as in (1.11) for some τ > −1. Then,
for all compact subsets K ⊂ Σ there exists a radius rK = rK(δ, τ,m,K) ∈ (0, RK ],
such that for all p ∈ K there is an m-plane Gp ∈ G (n,m) with
Σ ∩Br(p) \Bδr(p+Gp) = ∅ for all r ∈ (0, rK ]. (3.15)
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In particular, supp∈K βΣ(p,Gp, r) ≤ δ for all r ∈ (0, rK ]. Moreover, Gp = H(p) for
all p ∈ Σ∗, and for q ∈ Σ \Σ∗, there exists a sequence (pi)i∈N ⊂ Σ∗ with limi→∞ pi = q
and Gq = limi→∞H(pi).
Proof. Step 1. By density it suffices to find for a given compact set K ⊂ Σ a radius
rK ∈ (0, RK ] such that
Σ ∩Br(p) \Bδr(p+H(p)) = ∅ for all p ∈ Σ∗ ∩BRK/(10+RK)(K), r ∈ (0, rK ], (3.16)
since an arbitrary point p ∈ K may be approximated by points pl ∈ Σ∗∩BRK(10+RK)(K),
for which we may assume w.l.o.g. that there exist H(pl) ∈ G (n,m), such that H(pl)→
Gp ∈ G (n,m) as l → ∞ by compactness of the Grassmannian. The Hausdorff-
convergence of the balls Br(pl) to Br(p) and of the m-planar disks BRK (pl)∩(pl+H(pl))
to BRK (p) ∩ (p + Gp) as l → ∞ implies that any point q ∈ Σ ∩ Br(p) \ Bδr(p+Gp)
satisfies q ∈ Σ ∩ Br(pl) for l  1, as well as dist (q, pl +H(pl)) ≥ dist (q, p+Gp) −
distH ((p+Gp) ∩BRK (p), (pl +H(pl)) ∩BRK (pl)) > δr for all l  1, thus contra-
dicting (3.16) for p ≡ pl and l  1. Before moving on the the second step notice that
all pl are contained in the compact set K˜ := Σ ∩ B1(K), so that the constants RK˜
and cK˜ of Definition 1.1 applied to the compact set K˜ satisfy 0 < RK˜ ≤ RK and
0 < cK˜ ≤ cK . However, since the original compact set K completely determines K˜ we
think of RK˜ and cK˜ as depending on K only.
Step 2. Assuming for contradiction that there is a point p ∈ Σ∗ ∩ BRK/(10+RK)(K)
such that (3.16) does not hold for some r ∈ (0, rK ] for a constant rK ∈ (0, RK ] to be
determined later, then there is some point q˜ ∈ Σ ∩Br(p) with dist
(
q˜, p+H(p)
)
> δr.
By density of Σ∗ in Σ we find a point q ∈ Σ∗ ∩Br(p) such that
dist
(
q, p+H(p)
)
> δr. (3.17)
We quantify the energy contribution of a geometric situation like in (3.17) in the
following two lemmas, depending on the size of the angle <)(H(p), H(q)). The proofs
of these auxiliary lemmas are postponed to the end of this subsection.
Lemma 3.4 (Almost parallel strands). Let τ > −1, δ ∈ (0, 1), ε ∈ (0, δ/500], and Σ ∈
A m(α,M) for 1 ≤ m ≤ n, where the constants M,α > 0 satisfy (3.14). Assume that
there is a compact subset K ⊂ Σ and points p ∈ Σ∗ ∩BRK/10(K) and q ∈ Σ∗ ∩BεR(p)
for some radius R ∈ (0,min{RK˜ , 1}] for K˜ = Σ ∩B1(K), such that
dist (q, p+H(p)) > δεR, (3.18)
<) (H(p), H(q)) < ω(δ) + 2Mα for ω(δ) := 153 · δ/503. (3.19)
Then,∫
Σ∩Bε2R(q)
∫
Σ∩B2εR(p)
Lτ
(
µ, η,H(µ), H(η)
)
|µ− η|2m dH
m(η) dH m(µ) > c1, (3.20)
where c1 = c1(K, ε, δ, τ,m) := c
2
K˜
· ε2m · 1
2552m
· δ(1+τ)m
102(τ−1)m > 0.
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Lemma 3.5 (Transversal strands). Suppose in addition to m ≥ 2 that all assumptions
of Lemma 3.4 hold true except 3.19, then∫
Σ∩Bε2R(q)
∫
Σ∩BR(p)
Lτ
(
µ, η,H(µ), H(η)
)
|µ− η|2m dH
m(η) dH m(µ) > c2, (3.21)
where c2 = c2(K, ε, δ, τ,m) := c
2
K˜
· ε4m · (1.9)(3+τ)m
105(1+τ)m
· δ(1+τ)m > 0.
To apply these lemmas, we fix ε0 = ε0(δ) :=
δ
500 and obtain
c2 < c1 for all τ > −1. (3.22)
Step 3. In order to deduce from (3.17) a contradiction notice first that there is
some N = N(K) ∈ N such that B2(K) ∩ Σ ⊂ BN (0), so that Eτ (Σ ∩ B2(K)) ≤
Eτ (Σ∩BN (0)) <∞ since Σ has locally finite energy; see (1.11). Therefore, we can use
the absolute continuity of the double integral defining Eτ to find: For all c > 0, there
exists a radius RacK (c) > 0, such that∫
Σ∩Br(x)
∫
Σ∩Br(y)
Lτ
(
µ, η,H(µ), H(η)
)
|µ− η|2m dH
m(µ) dH m(η) < c (3.23)
for all x, y ∈ K˜ and all r ∈ (0,min{RacK (c), 1}]. In particular, RacK (c2) ≤ RacK (c1) by
means of (3.22). Choose rK := ε0 · min{RacK (c2), RK˜ , 1} < RK˜/500 ≤ RK/500 and
distinguish two cases.
Case I: <) (H(p), H(q)) < ω(δ) + 2Mα. Then apply Lemma 3.4 for R := rε0 ≤
min{RK˜ , 1} and ε := ε0 to find by (3.23), (3.20), and (3.22) for x = q, y = p
c2 >
∫
Σ∩BRac
K
(c2)
(q)
∫
Σ∩BRac
K
(c2)
(p)
Lτ
(
µ, η,H(µ), H(η)
)
|µ− η|2m dH
m(η) dH (µ)
≥
∫
Σ∩B
ε20R
(q)
∫
Σ∩B2ε0R(p)
Lτ
(
µ, η,H(µ), H(η)
)
|µ− η|2m dH
m(η) dH (µ) > c1 > c2,
which provides a contradiction.
Case II: <) (H(p), H(q)) ≥ ω(δ) + 2Mα. Then apply Lemma 3.5 for R := rε0 and
ε := ε0 to find by (3.21) and (3.23)
c2 >
∫
Σ∩BRac
K
(c2)
(q)
∫
Σ∩BRac
K
(c2)
(p)
Lτ
(
µ, η,H(µ), H(η)
)
|µ− η|2m dH
m(η) dH (µ)
≥
∫
Σ∩B
ε20R
(q)
∫
Σ∩BR(p)
Lτ
(
µ, η,H(µ), H(η)
)
|µ− η|2m dH
m(η) dH (µ) > c2,
which is a contradiction as well. 
It remains to prove the two auxiliary lemmas.
Proof of Lemma 3.4. Fix δ ∈ (0, 1) and ε ∈ (0, δ/500]. Notice that both points p, q are
contained in K˜. Let r ∈ (0, R/105]. Definition 1.1 applied to K˜ guarantees the existence
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of a dense subset Dq ⊂ (q + H(q)) ∩ BR(q), so that for any given % < r/
√
1 + α2 we
can find a point y(%) ∈ Dq ∩B%(q) and a corresponding point ηy(%) ∈ Σ∩Cq(α,H(q))
with Πq+H(q)(ηy(%)) = y(%), which implies |ηy(%) − q| ≤
√
1 + α2% < r. Consequently,
for any such % ∈ (0, r/√1 + α2),
H m (Eα,M (q) ∩Br(q)) ≥H m
(
Eα,M (q) ∩Br−√1+α2%(ηy(%))
) ≥ cK˜(r −√1 + α2%)m.
Taking the limit % → 0 guarantees H m (Eα,M (q) ∩Br(q)) ≥ cK˜rm. In particular, for
the set Mq(ε) := Eα,M (q) ∩Bε2R(q) we obtain
H m (Mq(ε)) ≥ cK˜
(
ε2R
)m
. (3.24)
For any point µ ∈Mq(ε) and an arbitrary vector e ∈ H(µ) ∩ Sn−1 set
w ≡ w(µ, e) := ΠH(p)(e)/|ΠH(p)(e)| ∈ H(p) ∩ Sn−1, (3.25)
which is well-defined since
<) (H(µ), H(p)) ≤ <) (H(µ), H(q)) +<) (H(q), H(p)) < ω(δ) + 3Mα, (3.26)
so that by Lemma A.1, we obtain by definition of ω(δ) in (3.19) and assumption (3.14)
|ΠH(p)(e)| = |e−ΠH(p)⊥(e)| ≥ 1−<) (H(p), H(q)) > 1− (ω(δ) + 3Mα) > 0. (3.27)
Furthermore, the definition of the set Mq(ε) implies
|Πp+H(p)(µ+ εRw/2)− p| = |ΠH(p)(µ+ εRw/2− p)| ≤ |µ− q|+ |q − p|+ εR/2
< (3/2 + ε)εR < R. (3.28)
By means of Definition 1.1 we can find a point x ≡ x(µ, e) ∈ Dp such that we obtain |x−
Πp+H(p) (µ− εRw/2) | < ε2R, and there exists a corresponding point ηx = ηx(µ, e) ∈
Σ ∩ Cp(α,H(p)) with x = Πp+H(p)(ηx) = p+ ΠH(p)(ηx − p). Consequently,
ΠH(p)(ηx − p) = x− p = fx + ΠH(p) (µ+ εRw/2− p) (3.29)
for |fx| = |x − Πp+H(p) (µ+ εRw/2) | < ε2R, which implies, on the one hand, the
estimate∣∣ΠH(p)(ηx − p)∣∣ ≤ |fx|+ ∣∣ΠH(p) (µ+ εRw/2− p)∣∣ < (3/2 + 2ε) εR (3.30)
due to (3.28), and, on the other hand, the identity
ΠH(p)(ηx − µ) = ΠH(p) (εRw/2) + fx. (3.31)
Since ηx ∈ Cp(α,H(p)) we find by (3.30)
|ΠH(p)⊥(ηx − p)| ≤ α|ΠH(p)(ηx − p)| < α (3/2 + 2ε) εR; (3.32)
hence |ηx− p|2 = |ΠH(p)(ηx− p)|2 + |ΠH(p)⊥(ηx− p)|2 < (1 +α2) (3/2 + 2ε)2 ε2R2, i.e.,
|ηx − p| <
√
1 + α2 (3/2 + 2ε) εR < R, (3.33)
since δ < 1 and by virtue of (3.14). The set Mp(µ, e, ε) := Eα,M (p) ∩ Bε2R (ηx(µ, e))
satisfies
Mp(µ, e, ε) ⊂ Σ ∩B2εR(p), (3.34)
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since for all η ∈Mp(µ, e, ε) one has
|η − p| ≤ |η − ηx|+ |ηx − p| < ε2R+
√
1 + α2
(
3/2 + 2ε
)
εR < 2εR, (3.35)
where we also used (3.33) and
√
1 + α2 ≤ 1 + α < 51/50 by (3.14). Moreover,
H m (Mp(µ, e, ε)) ≥ cK˜(ε2R)m (3.36)
by virtue of Definition 1.1 applied to the compact set K˜ ⊂ Σ. For the fixed point
ηx ∈ Σ∩Cp(α,H(p))∩BR(p), we estimate by means of the identity Id = ΠH(p)+ΠH(p)⊥
|〈e, µ− ηx〉| ≥ |〈ΠH(p)(e),ΠH(p)(µ− ηx)〉| − |〈ΠH(p)⊥(e),ΠH(p)⊥(µ− ηx)〉|
≥ |〈ΠH(p)(e), εR ·ΠH(p)(w)/2〉| − |fx| − |ΠH(p)⊥(e)| · |ΠH(p)⊥(µ− ηx)|
> εR|ΠH(p)(e)|/2− ε2R− (ω(δ) + 3Mα) · |ΠH(p)⊥(µ− ηx)|,
due to (3.31), (3.26), |e| = 1, and |fx| < ε2R. Consequently, with (3.27), we obtain
|〈e, µ− ηx〉| > (1− (ω(δ) + 3Mα)) εR/2− ε2R− (ω(δ) + 3Mα) |ΠH(p)⊥(µ− ηx)|.
The estimate (3.32) implies
|ΠH(p)⊥(µ− ηx)| ≤ |µ− p|+ |ΠH(p)⊥(p− ηx)| < |µ− q|+ |q − p|+ α (3/2 + 2ε) εR
< (ε+ 1 + α (3/2 + 2ε)) εR;
hence |〈e, µ− ηx〉| > (1/2− (ω(δ) + 3Mα) (3/2 + 2ε) (1 + α)− ε) εR. For arbitrary
η ∈Mp(µ, e, ε) one therefore has
|〈e, µ− η〉| ≥ |〈e, µ− ηx〉| − |ηx − η|
> (1/2− (ω(δ) + 3Mα) (3/2 + 2ε) (1 + α)− 2ε) εR. (3.37)
Moreover, for all µ ∈Mq(ε), e ∈ H(µ)∩Sn−1 and η ∈Mp(µ, e, ε) we estimate by means
of (3.35)
|µ− η| ≤ |µ− q|+ |q − p|+ |p− η| < 2ε2R+ εR+
√
1 + α2 (3/2 + 2ε) εR
< (2ε+ 1) (1 + 3
√
1 + α2/2)εR. (3.38)
For the remaining term in the energy density we simply write |ΠH(η)⊥(µ − η)| =
|ΠH(p)⊥(µ− p)− ΠH(p)⊥(ηx − p) + ΠH(p)⊥(ηx − η)− ΠH(p)⊥(µ− η) + ΠH(η)⊥(µ− η)|,
which – using (3.32) and (3.38) – can be bounded from below by
|ΠH(p)⊥(µ− p)| − α(3/2 + 2ε)εR− ε2R−<)(H(p), H(η))(2ε+ 1)(1 + 3
√
1 + α2/2)εR
≥ |ΠH(p)⊥(q − p)| − |q − µ| − α(3/2 + 2ε)εR− ε2R−Mα(2ε+ 1)(1 + 3
√
1 + α2/2)εR.
Since |q − µ| < ε2R and |ΠH(P )⊥(q − p)| > δεR by assumption, we obtain
|ΠH(η)⊥(µ− η)| > (δ − 2ε− α(3/2 + 2ε)−Mα(2ε+ 1)(1 + 3
√
1 + α2/2))εR (3.39)
for all µ ∈Mq(ε), e ∈ H(µ) ∩ Sn−1, and η ∈Mp(µ, e, ε). Finally,
<) (H(η), H(µ)) ≤ <) (H(η), H(p)) +<) (H(p), H(q)) +<) (H(q), H(µ))
< Mα+ ω(δ) + 2Mα+Mα = ω(δ) + 4Mα, (3.40)
since we have (3.19) and µ ∈Mq(ε) as well as η ∈Mp(µ, e, ε).
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For µ ∈ Mq(ε) and e ∈ H(µ) ∩ Sn−1 the numerator Lτ of the energy density of
Eτ satisfies Lτ (µ, η,H(µ), H(η)) ≥ F τ (µ, η, e) for all η ∈ BR(p), where Fτ is given by
(3.13). In particular, for η ∈ Mp(µ, e, ε), we may use (3.37), (3.38), (3.39), and (3.40)
to conclude that the energy density Lτ (µ, η,H(µ), H(η))/|µ − η|2m is bounded from
below by
|µ− η|−2m(2|〈e, µ− η〉||µ− η|−2 · |ΠH(η)⊥(µ− η)| − |ΠH(η)⊥(e)|)(1+τ)m
≥ ((2ε+ 1)(1 + 3√1 + α2/2)εR)−2m · [(1− (ω(δ) + 3Mα) (3 + 4ε) (1 + α)− 4ε) ε2R2
((2ε+ 1) (1 + 3
√
1 + α2/2)εR)2
· {δ − 2ε− α (3/2 + 2ε)−Mα (2ε+ 1) (1 + 3√1 + α2/2)}− (ω(δ) + 4Mα) ](1+τ)m.
We define f(ε, δ)/(εR)2m to be the right hand side of the last estimate. Since ε ≤ δ/500
one obtains by means of (3.14) f(ε, δ) >
(
100
255
)2m · ( δ100)(1+τ)m . Integrating the en-
ergy density over the Cartesian product of Mq(ε) ⊂ Σ ∩ Bε2R(q) and Mp(µ, e, ε) ⊂
Σ ∩ B2εR(p) (see (3.34)), we find by virtue of (3.24) and (3.36) the strict inequality
(3.20) with the lower bound c1(K, ε, δ, τ,m) as stated in Lemma 3.4. 
Proof of Lemma 3.5. Again fix δ ∈ (0, 1) and ε ∈ (0, δ/500]. Analogously to the setting
of Lemma 3.4, we obtain p, q ∈ K˜, and for Mq(ε) := Eα,M (q) ∩Bε2R(q) we have
H m (Mq(ε)) ≥ cK˜
(
ε2R
)m
. (3.41)
Since <) (H(p), H(q)) ≥ ω(δ) + 2Mα, we have for arbitrary µ ∈Mq(ε)
<) (H(µ), H(p)) ≥ <) (H(p), H(q))−<) (H(q), H(µ)) > ω(δ) +Mα,
so that there exists by Lemma A.1 a vector e∗ = e∗(µ) ∈ H(µ) ∩ Sn−1, such that
|ΠH(p)⊥(e∗)| > ω(δ) +Mα. (3.42)
We claim that there is a vector v = v(µ, e∗) ∈ H(p) ∩ Sn−1, with〈
ΠH(p)(e
∗), v
〉
= 0. (3.43)
Indeed, if ΠH(p)(e
∗) = 0 then any v ∈ H(p) ∩ Sn−1 satisfies identity (3.43), and if
ΠH(p)(e
∗) 6= 0 then we have (Re∗)⊥ ∩ H(p) 6= {0} because dim(Re∗)⊥ = n − 1 and
dimH(p) = m ≥ 2, so that one can choose v ∈ (Re∗)⊥ ∩H(p)∩Sn−1 to satisfy (3.43).
Now compute
|Πp+H(p)(µ+Rv/2)− p| = |ΠH(p)(µ+Rv/2− p)| ≤ |µ− q|+ |q − p|+R|ΠH(p)(v)|/2
<
(
1/2 + ε+ ε2
)
R < R. (3.44)
By Definition 1.1 there is a point y ∈ Dp, such that
∣∣y −Πp+H(p) (µ+Rv/2)∣∣ < ε2R, to-
gether with a corresponding point ηy = ηy(µ, e
∗) ∈ Σ∩Cp(α,H(p)) with Πp+H(p)(ηy) =
y = p+ ΠH(p)(ηy − p). Therefore,
ΠH(p) (ηy − p) = y − p = fy + ΠH(p) (µ+Rv/2− p) , (3.45)
with fy := y −ΠH(p) (µ+Rv/2). In other words,
ΠH(p) (ηy − µ) = ΠH(p) (Rv/2) + fy = Rv/2 + fy. (3.46)
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In particular, by (3.44) and (3.45) one finds
|ΠH(p) (ηy − p) | ≤ |fy|+ |ΠH(p) (µ+Rv/2− p) | <
(
1/2 + ε+ 2ε2
)
R, (3.47)
and
|ΠH(p) (ηy − p) | ≥ |ΠH(p) (µ+Rv/2− p) | − |fy| (3.48)
≥ R|ΠH(p)(v)|/2− |µ− q| − |q − p| − |fy| >
(
1/2− ε− 2ε2)R.
Inequality (3.47) together with the fact that ηy ∈ Cp(α,H(p)) implies
|ΠH(p)⊥ (ηy − p) | ≤ α|ΠH(p)(ηy − p)| < α(1/2 + ε+ 2ε2)R. (3.49)
With ηy − p = ΠH(p)(ηy − p) + ΠH(p)⊥(ηy − p) one arrives at
(1/2− ε− 2ε2)R < |ηy − p| <
√
1 + α2(1/2 + ε+ 2ε2)R. (3.50)
Define Mp(µ, e
∗, ε) := Eα,M (p) ∩Bε2R(ηy(µ, e∗)) which satisfies
Mp(µ, e
∗, ε) ⊂ Σ ∩BR(p), (3.51)
because |η− p| ≤ |η− ηy|+ |ηy − p| <
√
1 + α2
(
1/2 + ε+ 3ε2
)
R < R since
√
1 + α2 ≤
1 + α < 51/50 by (3.14). By virtue of Definition 1.1 one has also
H m (Mp (µ, e
∗, ε)) ≥ cK˜
(
ε2R
)m
. (3.52)
Now, by |e∗| = 1, (3.43), and (3.46) one uses Id = ΠH(p) + ΠH(p)⊥ to estimate
|〈e∗, µ− ηy〉| ≤ |〈ΠH(p)(e∗),ΠH(p)(µ− ηy)〉|+ |〈ΠH(p)⊥(e∗),ΠH(p)⊥(µ− ηy)〉|
≤ |fy|+ |µ− q|+ |q − p|+ |ΠH(p)⊥(p− ηy)|,
so that we obtain by means of (3.49) |〈e∗, µ− ηy〉| <
((
2ε2 + ε
)
(1 + α) + α/2
)
R.
Consequently, for an arbitrary η ∈Mp(µ, e∗, ε) one finds
|〈e∗, µ− η〉| ≤ |〈e∗, µ− ηy〉|+ |ηy − η| <
((
3ε2 + ε
)
(1 + α) + α/2
)
R. (3.53)
On the one hand, we obtain
|µ− η| ≤ |µ− q|+ |q − p|+ |p− η| < ε2R+ εR+
√
1 + α2
(
1/2 + ε+ 3ε2
)
R
<
√
1 + α2
(
1/2 + 2ε+ 4ε2
)
R, (3.54)
and, on the other hand,
|µ− η| ≥ |ηy − p| − |ηy − η| − |p− q| − |µ− q|
>
(
1/2− ε− 2ε2)R− ε2R− εR− ε2R = (1/2− 2ε− 4ε2)R, (3.55)
due to (3.50). Moreover, according to (3.49) and (3.54),
|ΠH(η)⊥(µ− η)| ≤ |(ΠH(η)⊥ −ΠH(p)⊥)(µ− η)|+ |ΠH(p)⊥(µ− p)|+ |ΠH(p)⊥(p− ηy)|
+ |ΠH(p)⊥(ηy − η)|
≤ <) (H(η), H(p)) |µ− η|+ |µ− q|+ |q − p|+ |ΠH(p)⊥(p− ηy)|+ |ηy − η|
< Mα
√
1 + α2(1/2 + 2ε+ 4ε2)R+ ε2R+ εR+ α(1/2 + ε+ 2ε2)R+ ε2R
< α(M
√
1 + α2 + 1)(1/2 + 2ε+ 4ε2)R+ (2ε2 + ε)R. (3.56)
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Finally, since η ∈Mp(µ, e∗, ε) and by (3.42) we obtain
|ΠH(η)⊥(e∗)| ≥ |ΠH(p)⊥(e∗)| −<) (H(η), H(p)) > ω(δ) +Mα−Mα = ω(δ). (3.57)
For fixed µ ∈ Mq(ε) ⊂ Bε2R(q) the numerator Lτ of the energy density satisfies
Lτ (µ, η,H(µ), H(η)) ≥ F τ (µ, η, e) for all e ∈ H(µ) ∩ Sn−1 and all η ∈ BR(p). In
particular, for η ∈ Mp(µ, e∗, ε) ⊂ BR(p), we can use (3.53), (3.54), (3.55), (3.56), and
(3.57) in order to conclude that the energy density Lτ (µ, η,H(µ), H(η))/|µ − η|2m is
bounded from below by
|µ− η|−2m
(
|ΠH(η)⊥(e∗)| − 2|〈e∗, µ− η〉||µ− η|−2 · |ΠH(η)⊥(µ− η)|
)(1+τ)m
≥ (
√
1 + α2(1/2 + 2ε+ 4ε2)R)−2m ·
[
ω(δ)− ((1/2− 2ε− 4ε2)R)−2·{
2((3ε2 + ε)(1 + α) + α/2)R2(α(M
√
1 + α2 + 1)(1/2 + 2ε+ 4ε2) + (2ε2 + ε))
}](1+τ)m
.
We define g(ε, δ)/R2m to be the right hand side of this inequality. Then, as ε ≤ δ/500
one obtains by means of (3.14) the estimate g(ε, δ) > (1.9)
(3+τ)m
105(1+τ)m
· δ(1+τ)m. Now we can
integrate the energy density over the Cartesian product of Mq(ε) ⊂ Σ ∩ Bε2R(q) and
Mp(µ, e
∗, ε) ⊂ Σ∩BR(p) (see (3.51)), in order to establish with the help of (3.41) and
(3.52) the desired inequality 3.21 with the constant c2(K, ε, δ, τ,m) as stated in Lemma
3.5. 
Corollary 3.6. Let δ ∈ (0, 1), α,M > 0 satisfy (3.14), and suppose Σ ∈ A m(α,M),
2 ≤ m ≤ n, has locally finite energy Eτ for some τ > −1. Then, for all compact sets
K ⊂ Σ and all p ∈ K, we have
θΣ (p,Gp, r) ≤ δ for all r ∈ (0,min{rK , %K}] , (3.58)
where %K denotes the radius of Corollary 3.2 and rK as well as Gp are as stated in
Theorem 3.3. In particular, Σ is (m, δ)-Reifenberg-flat.
Proof. According to Theorem 3.3, one finds supp∈K βΣ(p,Gp, r) ≤ δ for all r ∈ (0, rK ].
Moreover, we have Gp = H(p) for all p ∈ Σ∗ and Gq = limi→∞H(pi) for a sequence
(pi)i∈N ⊂ Σ∗ approximating q ∈ Σ \ Σ∗. Consequently, Lemma 3.2 guarantees
sup
ξ∈(p+Gp)∩Br(p)
dist (ξ,Σ ∩Br(p)) ≤ 2αr/
√
1 + α2 < δr for all r ∈ (0, %K ],
where we used (3.14) for the last inequality. In view of (3.4) this finishes the proof. 
Now Reifenberg’s famous topological disk lemma [42, 46, 23] implies that finite
energy sets are topological manifolds, a result that we do not rely on in the following
sections.
Corollary 3.7. Let m,n ∈ N with 2 ≤ m ≤ n. For any κ ∈ (0, 1) there is a constant
δ0(m,κ) ∈ (0, 1) such that any set Σ ∈ A m(α,M) with locally finite energy Eτ , where
α,M > 0 satisfy (3.14) for δ = δ0, is an m-dimensional topological manifold which is
locally bi-Ho¨lder homeomorphic to the m-dimensional flat unit disk B1(0) ⊂ Rm with
Ho¨lder constant κ.
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3.3. Lipschitz and C1-submanifolds. The local structure of the admissibility class
A m(α,M) allows us to directly derive the stronger Lipschitz manifold statement of
Theorem 1.3 without using Reifenberg’s topological disk theorem at all. In order to do
so, we take a closer look at the projection of Σ ∩ Br(p) onto the affine plane p + Gp.
The following arguments are based solely on the Reifenberg-flatness of Σ.
First, we notice injectivity of the orthogonal projection onto approximating planes
for (m, δ)-Reifenberg-flat sets.
Lemma 3.8 (Injectivity of projection). Suppose δ ∈ (0, 1/2), and Σ ⊂ Rn is an (m, δ)-
Reifenberg-flat set. Let p ∈ K ⊂ Σ, where K is compact, and suppose that η ∈ K∩Br(p)
for some r ∈ (0, r0(K)] satisfies
<) (Fη(%, δ), Fp(r, δ)) + δ < 1 for all % ∈ (0, r), (3.59)
for the radius r0(K) and the m-planes Fη(%, δ) and Fp(r, δ) as in Definition 3.1. Then
for every ξ ∈ Σ ∩Br(p) \ {η} one has Πp+Fp(r,δ)(ξ) 6= Πp+Fp(r,δ)(η).
Notice that if (3.59) is satisfied for all η ∈ Σ∩Br(p) then the orthogonal projection
p+ ΠFp(r,δ) restricted to Σ ∩Br(p) is injective.
Proof. Assuming the contrary for some ξ ∈ Σ ∩ Br(p) \ {η}, we can estimate for
F := Fp(r, δ) ∈ G (n,m)
|η − ξ| = |ΠF (η − ξ) + ΠF⊥(η − ξ)| = |ΠF⊥(η − ξ)|
= |ΠF⊥(η − p)−ΠF⊥(ξ − p)| ≤ |ΠF⊥(η − p)|+ |ΠF⊥(ξ − p)|
= dist (η, p+ F ) + dist (ξ, p+ F ) ≤ 2δr < r,
since δ < 1/2. Therefore, there exists an integer N ∈ N, such that
rn := (1 + 1/n) · |η − ξ| < r ≤ r0(K) for all n ≥ N. (3.60)
Obviously, ξ ∈ Σ ∩Brn(η), and therefore, by the Reifenberg-flatness of Σ, used in the
point η for the radius rn with the approximating plane Q := Fη(rn, δ)
dist (ξ, (η +Q) ∩Brn(η)) ≤ δrn, (3.61)
so that we can estimate using (3.60) and (3.61)
|η − ξ| = |ΠF⊥(η − ξ)| =
∣∣ΠF⊥(η − ξ)−ΠQ⊥(η − ξ) + ΠQ⊥(η − ξ)∣∣
≤ <) (F,Q) · |η − ξ|+ dist (ξ, (η +Q) ∩Brn(η))
≤ [<) (F,Q) + (1 + 1/n) δ ] · |η − ξ|,
and the right-hand side is by assumption (3.59) (for % := rn) strictly less than |η − ξ|
for n sufficiently large, which yields a contradiction. 
For sufficiently small δ > 0 and radius r > 0, the orthogonal projection of Σ∩Br(p)
onto good approximating affine planes contains a whole m-dimensional disk.
Proposition 3.9 (Surjectivity of projection). There exists a δ1 = δ1(m) > 0, such that
for all closed (m, δ)-Reifenberg-flat sets Σ ⊂ Rn with δ ≤ δ1 and all compact subsets
K ⊂ Σ there exists a radius %1(K) ∈ (0, r0(K)] such that
(p+ Fp(r, δ)) ∩Br/4(p) ⊂ Πp+Fp(r,δ)
(
Σ ∩Br/2(p)
)
for all p ∈ K and r ∈ (0, %1(K)].
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Proof. Up to isometry the composition Ψ := Πp+Fp(r,δ) ◦ τ : p+ Fp(r, δ)→ p+ Fp(r, δ)
satisfies the assumptions of [33, Prop. 2.5] to yield the claim. Here, τ is the mapping
constructed in the following technical lemma proven in in [27]. 
Lemma 3.10 ([27, Lemma 3.7]). There exists a δ∗ = δ∗(m) > 0 such that for every
closed, m-dimensional (δ,m)-Reifenberg-flat set Σ ⊂ Rn with δ ≤ δ∗ and x ∈ Σ there
is a radius R0 = R0(x, δ,Σ) > 0 and a constant C∗ = C∗(m) such that for all F ∈
G (n,m) with θ(x, F, r) ≤ δ for r ≤ R0 there exists a continuous function τ : (x+ F ) ∩
B15r/16(x)→ Σ∩Br(x) with |τ(y)− y| ≤ C∗rδ ≤ 5r/144 for all y ∈ (x+ F )∩Br(x).
We can now use the local bijectivity of the projection established in Lemma 3.8 and
Proposition 3.9 to prove that every admissible set with locally finite energy possesses
a local graph representation3, which in particular implies Theorem 1.3.
Theorem 3.11. Let 2 ≤ m ≤ n. There exist constants C = C(m) and δ2 = δ2(m) ∈
(0,min{δ1, 1/C}) such that for every Σ ∈ A m(α,M) with α,M > 0 satisfying (3.14)
for some δ ∈ (0, δ2], with locally finite energy Eτ for any τ > −1 the following holds.
For all compact sets K ⊂ Σ there is a radius %2 = %2(K) ∈ (0,min{rK , %K , %1(K)}]
such that for all p ∈ K there is a function up ∈ C0,1(Gp, G⊥p ) with up(0) = 0 and
Lipup ≤ Cδ/(1− Cδ), such that
Σ ∩B%2/4(p) = (p+ graphup) ∩B%2/4(p), (3.62)
where %K denotes the radius of Corollary 3.2, and rK as well as Gp are as stated in
Theorem 3.3. In particular, Σ is a C0,1-submanifold of Rn.
Proof. We define K˜ := Σ ∩ BRK/2(K) and4 %2 = %2(K) := min{rK˜ , %K˜ , %1(K˜)} ≤
min{rK , %K , %1(K)}. Applying Corollary 3.6, one finds
θΣ (p˜, Gp˜, r) ≤ δ for all r ∈ (0, %2] , p˜ ∈ K˜. (3.63)
For δ ≤ δ1, p ∈ K˜ and r ≤ %2 ≤ %1(K˜), by Proposition 3.9 one has
(p+Gp) ∩Br/4(p) ⊂ Πp+Gp
(
Σ ∩Br/2(p)
)
, (3.64)
which guarantees for each x ∈ (p+Gp)∩Br/4 the existence of a point qx ∈ Σ∩Br/2(p)
with Πp+Gp(qx) = x. In particular, for p ∈ K, one finds Σ ∩ Br/2(p) ⊂ K˜, since
r ≤ %2 ≤ rK ≤ RK , so that by (3.63) and Lemma A.3 for r1 = r2 := r, F1 := Gp,
F2 := Gq, p1 := p, and p2 := q, we can estimate
<) (Gp, Gq) ≤ 6δC˜/(1− 2δ) for all q ∈ Σ ∩Br/2(p), (3.65)
with C˜ = C˜(m) >
√
2. Choosing δ sufficiently small, one finds a constant C = C(m) >
0 such that
<) (Gp, Gq) + δ ≤ 6δC˜/(1− 2δ) + δ ≤ Cδ < 1 for all q ∈ Σ ∩Br/2(p). (3.66)
3Independent of the admissibility class, such a statement holds true for every (m, δ)-Reifenberg-flat
set Σ ⊂ Rn with δ ≤ δ1 such that for all x ∈ (p+ Fp(r, δ)) ∩Br/4(p) there is an η ∈ Σ ∩Br/2(p) with
Πp+Fp(r,δ)(η) = x and the approximating planes Fη(%, δ) allow an estimate like (3.59) with a uniform
upper bound C < 1 for all such η and % ∈ (0, r); see [28, Ch. 3.1].
4Notice as before that the compact set K˜ is solely determined by K itself, so that all the constants
for K˜ can be considered to actually depend on K.
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Lemma 3.8 for η := qx, Fη(%, δ) := Gqx for all % ≤ r, and Fp(r, δ) := Gp implies together
with (3.64) that Πp+Gp|Σ∩Br/2(p) is injective and Πp+Gp|Σp(r) is surjective, where
Σp(r) := {ξ ∈ Σ ∩Br/2(p) : Πp+Gp(ξ) ∈ (p+Gp) ∩Br/4(p)}. (3.67)
Therefore Πp+Gp|Σp(r) : Σp(r)→ (p+Gp) ∩Br/4(p) is bijective and(
Πp+Gp|Σp(r)
)−1
: (p+Gp) ∩Br/4(p)→ Σp(r) (3.68)
is well-defined. Obviously,
Σ ∩Br/4(p) ⊂ Σp(r) for all r ≤ %2. (3.69)
With (3.68), we can define the function up : Gp ∩Br/4(0)→ G⊥p by means of up(x) :=
ΠG⊥p
((
Πp+Gp|Σp(r)
)−1
(x+ p) − p) satisfying up(0) = 0. Then for all q ∈ Σp(r) and
xq := ΠGp(q − p) ∈ Gp ∩ Br/4(0), one finds q = p + ΠGp(q − p) + ΠG⊥p (q − p) =
p+ xq + ΠG⊥p
((
Πp+Gp|Σp(r)
)−1
(xq + p)− p
)
= p+ xq + up(xq). Consequently,
Σp(r) ⊂ (p+ graphup) ∩Br/2(p), (3.70)
Σp(r) ∩Br/4(p) = (p+ graphup) ∩Br/4(p), (3.71)
which by (3.69) for r = %2 implies (3.62). Moreover, for η, µ ∈ Σp(%2) and corresponding
points xη, xµ ∈ Gp ∩Br/4(0), one has η ∈ B(1+1/n)|η−µ|(µ), so that (3.63) implies
|up(xη)−up(xµ)| = |ΠG⊥p (η−p)−ΠG⊥p (µ−p)| = |ΠG⊥p (η−µ)+ΠG⊥µ (η−µ)−ΠG⊥µ (η−µ)|
≤ <) (Gp, Gµ) |η − µ|+ dist
(
η, (µ+Gµ) ∩B(1+1/n)|η−µ|(µ)
)
≤ <) (Gp, Gµ) |η − µ|+ δ (1 + 1/n) |η − µ|
for n sufficiently large. By taking the limit n→∞ and (3.66) for r = %2, we obtain
|up(xη)− up(xµ)| ≤ Cδ · |η − µ| ≤ Cδ ·
(|ΠGp(η − µ)|+ |ΠG⊥p (η − µ)|)
= Cδ · (|xη − xµ|+ |up(xη)− up(xµ)|) .
Absorbing the last term yields for sufficiently small δ the Lipschitz continuity of up
on the disk Gp ∩ B%2/4(0) with Lipschitz constant Lipup ≤ Cδ/(1− Cδ). Finally, ex-
tending up to the whole plane Gp by Kirszbraun’s theorem [18, 2.10.43] concludes the
proof. 
Applying Theorem 3.11 to the examples mentioned in the introduction and discussed
in Sections 2 one finds that all such sets with locally finite energy are embedded Lips-
chitz submanifolds of Rn as long as the constants α,M > 0 defining their admissibility
class A m(α,M) are sufficiently small. In particular, countable collections of sufficiently
flat Lipschitz graphs, and all C1-immersions of compact m-dimensional C1-manifolds
with locally finite Mo¨bius energy, are C0,1-submanifolds. For both classes, however, we
already have a local graph structure to improve this statement.
Corollary 3.12 (Lipschitz graphs with small Lipschitz constant). Suppose that the
set Σ =
⋃
i∈N (pi + graphui) has locally finite energy E
τ for some τ > −1, where
ui ∈ C0,1(Fi, F⊥i ), Fi ∈ G (n,m) for 2 ≤ m ≤ n, ui(0) = 0, and Lipui ≤ β for all
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i ∈ N. If β < δ2/800 then for all compact subsets K ⊂ Σ and p ∈ K, there exists an
index i = i(p) ∈ N, such that
Σ ∩B%2/8(p) = (pi + graphui) ∩B%2/8(p).
Here, the constant δ2 = δ2(m) and the radius %2 = %2(K) are taken from Theorem
3.11.
Notice that the Lipschitz constants Lipui inherited from the initially given Lipschitz
functions ui are in general much smaller than the Lipschitz constants of the functions
up produced by Theorem 3.11.
Proof of Corollary 3.12. Given a compact subset K ⊂ Σ we may assume by density
that p ∈ K ∩ Σ∗. Since β < δ2/800, we can find α,M > 0 such that
β ≤Mα/16(M + 1) < (M + 1)α/16 < δ2/(16 · 50) = δ2/800. (3.72)
Therefore, Σ ∈ A m(α,M), by Proposition 2.3. Moreover, since (3.72) is sufficient for
(3.14) for δ := δ2, we can apply Theorem 3.11 for δ = δ2 in order to obtain a radius
%2 = %2(K) such that there is a function up ∈ C0,1(Gp, G⊥p ) with up(0) = 0 such that
Σ ∩B%2/4(p) = (p+ graphup) ∩B%2/4(p). (3.73)
Using the structure of Σ we can find a smallest index i = i(p) such that p ∈ pi+graphui,
so that by virtue of (3.73)
(pi + graphui) ∩B%2/4(p) ⊂ (p+ graphup) ∩B%2/4(p). (3.74)
We claim equality in (3.74) for the smaller radius %2/8, thus proving the corollary. For
that, notice first that since p ∈ Σ∗ we have Gp = H(p) = Tp−pi graphui (cf. the proof
of Proposition 2.3), so that by Lemma B.1
<)(Gp, Fi) ≤ β. (3.75)
Now shift graphui by means of the Shifting Lemma B.2 to obtain a Lipschitz function
u˜i : Fi → F⊥i with Lip u˜i = Lipui, u˜i(0) = 0, such that
p+ graph u˜i = pi + graphui. (3.76)
Now assume for contradiction that there exists a point z ∈ B%2/8(p) ∩ (p + graphup)
that is not contained in p + graph u˜i. For the projection ζ := ΠFi(z − p) ∈ Fi there
exists a graph point q := p+ζ+u˜i(ζ) ∈ p+graph u˜i which differs from z by assumption.
If |q − p| < %2/2 were true we would find by (3.75)
|ΠGp(q − p)| ≤ |ΠFi(q − p)|+ β|q − p|
≤ |ΠFi(q − z)|+ |ΠFi(z − p)|+ β|q − p|
< |ΠFi(q − p)−ΠFi(z − p)|+ %2/8 + β%2/2 < %2/4,
which implies q ∈ Σp as defined in (3.67); hence by means of (3.70) q ∈ (p+graphup)∩
B%2/2(p) \ {z}. But this contradicts the Quasi-normal Planes Lemma B.4 applied to
G := Gp, F := Fi, and u := up. Therefore we have shown that |q− p| ≥ %2/2. But this
contradicts |q−p|2 = |ζ|2+|u˜i(ζ)|2 ≤ (1+β2)|ζ|2 ≤ (1+β2)|z−p|2 < (1+β2)(%2/8)2. 
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Proof of Corollary 1.4. As in Section 2.1 we can find for any given β > 0 the repre-
sentation Σ =
⋃N
i=1 (pi + graphui) ∩ Bri(pi), where ui ∈ Ck
(
Fi, F
⊥
i
)
, Fi ∈ G (n,m),
ui = 0, Dui(0) = 0, and ‖Dui‖C0 ≤ β. In particular, Lipui ≤ β for all i ∈ {1, . . . , N}.
Since β can be chosen arbitrarily, we can locally argue analogously to Corollary 3.12
and find for all p ∈ Σ a radius r = r(p) > 0 and an i ∈ {1, . . . , N} such that
Σ ∩ Br(p) = (pi + graphui) ∩ Br(p). As the ui are of class Ck, the set Σ is a Ck-
submanifold of Rn. 
The graph structure allows us to improve the result of Corollary 3.12 in that we can
admit moderate Lipschitz constants that do not allow a direct application of Theorem
3.11 since δ2(m) in that theorem is already very small.
Corollary 3.13 (Lipschitz graphs with moderate Lipschitz constant). The claim of
Corollary 3.12 holds true for every β ∈ [0, 1/1600).
Proof. Since β < 1/1600, we can find α,M > 0 such that β ≤ Mα/(16(M + 1)) <
(M + 1)α/16 < 1/1600, hence Σ ∈ A m(α,M) and α,M satisfy (3.14) for a δ < 1/2.
For Σ =
⋃
i∈N(pi + graphui), we can prove the existence of up in Theorem 3.11 with-
out applying Proposition 3.9 and Lemma A.3, by arguing iteratively for each i ∈ N.
If i = 1, then Gp = H(p) = Tp−p1 graphu1 for all p ∈ (p1 + graphu1) ∩ Σ∗. For
all remaining points q ∈ (p1 + graphu1) \ Σ∗ we choose the approximating sequence
Σ∗ 3 ql → q defining the m-planes in Theorem 3.3 to be contained in the first graph
as well. Then, Lemma B.1 implies <)(Gp, Gq) ≤ 2β for all p, q ∈ p1 + graphu1. More-
over, the surjectivity of the projection onto Gp is provided by the Tilting Lemma
B.3 applied for F = F1, G = Gp, u = u1, and χ = β. Since δ < 1/2, the angle
bound is sufficient for Lemma 3.8. Hence, similarly as in the proof of Theorem 3.11,
for all compact subsets K ⊂ Σ, we obtain a graph representation as (3.62) for all
p ∈ p1 + graphu1. In particular, (p1 + graphu1) ∩ (pj + graphuj) = ∅ for all j ∈ N
such that p1 + graphu1 6= pj + graphuj , and we can repeat this argument for the next
integer j = 2. Iteratively, we obtain local graph representations for all points of Σ and
can proceed as in Corollary 3.12. 
Remark 3.14. If we require in condition (ii) of Definition 1.1 only that the set Dp
is a dense subset of an affine m-dimensional half space (p + H∗(p)) ∩ BRK (p), where
H∗(p) := {x ∈ H(p) : 〈x, νp〉 ≥ 0} for some vector νp ∈ H(p) ∩ Sn−1 then all results
of this section also hold true if we add the following extra condition5 on the θ- and β-
numbers defined in (3.3) and (1.13): There is a constant MΣ such that for all compact
subsets K ⊂ Σ one has θΣ(p, r) ≤MΣβΣ(p, r) for all p ∈ K and r ∈ (0, RK ]. We denote
this modified class by A m∗ (α,M), and briefly indicate the necessary modifications in
the proofs of the β-number estimate in Theorem 3.3 and of the Reifenberg flatness
in Corollary 3.6, so that then Theorem 3.11 is still applicable. In order to establish
Theorem 3.3 the main problem is to guarantee the existence of ηx and ηy, respectively,
satisfying (3.29) and (3.45). For almost parallel strands one can choose e ∈ H(µ) such
that w = ΠH(p)(e)/|ΠH(p)(e)| = νp and replace µ + εRw/2 by µ + 2εRνp in (3.28)
5Such a condition was also used in [29],[31, Definition 1.1] to define the so-called m-fine sets.
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guaranteeing Πp+H(p)(µ+ 2εRνp) ∈ (p+H∗(p))∩Br(p) and hence the existence of the
desired ηx. For transversal strands e
∗ ∈ H(µ) is fixed. However, we can choose the sign
of v such that 〈v, νp〉 ≥ 0 and consider µ+Rv/2+2εRνp instead of µ+Rv/2 in (3.44) so
that one finds ηy analogously to the first case. Then the remaining parts of Lemma 3.4,
Lemma 3.5, and therefore Theorem 3.3 can be adopted if we set ε0 sufficiently small.
For Corollary 3.6, we first find Fp(r, δ) ∈ G (n,m) satisfying θΣ(p, Fp(r, δ), r) ≤ MΣδ
by virtue of the additional condition defining A m∗ (α,M) and the already proven β-
number estimate. Bounding the angle <)(Fp(r, δ), Gp) by means of Lemma A.3, one
finds a constant C = C(m,MΣ) such that θΣ(p,Gp, r) ≤ Cδ for all p ∈ K and all
r ≤ rK . To establish the condition of (m, δ˜)-Reifenberg-flatness on a fixed K ⊂ Σ
one finally has to choose δ = δ˜/C. Then we obtain the local graph representation of
Theorem 3.11 for all K ⊂ Σ ∈ A m∗ (α,M) with sufficiently small α and M and locally
finite energy Eτ .
4. Sufficient regularity for finite energy
First we assume C2-regularity and prove that this implies finite energy.
Lemma 4.1 (C2-regularity). Let 1 ≤ m ≤ n, F ∈ G (n,m), u ∈ C2(F, F⊥), Σ :=
graphu, and p, q ∈ Σ ∩BN (0) for some N ∈ N. Then for each τ ≥ (1/m)− 1 there is
a constant C = C(τ,m) > 0 such that
Lτ (p, q, TpΣ, TqΣ) |p− q|−2m ≤ C‖D2u‖(1+τ)mC0(F∩BN (0)) · |p− q|
(τ−1)m. (4.1)
In particular, Eτ (Σ ∩BN (0)) <∞ for τ > 0.
Proof. Recall that Lτ (p, q, TpΣ, TqΣ) = supe∈TpΣ∩Sn−1 Fτ (p, q, e), which according to
the explicit formula (3.13) and by means of τ ≥ (1/m)− 1 can be bounded from above
by
2(1+τ)m−1 sup
e∈TpΣ∩Sn−1
[‖ΠTqΣ⊥(e)‖(1+τ)m + (2|p− q|−2|ΠTqΣ⊥(p− q)||〈e, p− q〉|)(1+τ)m]
≤ 2(1+τ)m−1(<) (TpΣ, TqΣ)(1+τ)m + (2|p− q|−1|ΠTqΣ⊥(p− q)|)(1+τ)m), (4.2)
where we also used Lemma A.1. By Lemma B.1 the angle can be estimated as
<) (TpΣ, TqΣ) ≤ ‖Du(x)−Du(y)‖ ≤ ‖D2u‖C0(F∩BN (0)) · |x− y|
≤ ‖D2u‖C0(F∩BN (0)) · |p− q|, (4.3)
for x, y ∈ F ∩ BN (0) with p = x + u(x) and q = y + u(y). For the projection in the
second term in (4.2) we use the notation g(ξ) := ξ + u(ξ) for ξ ∈ F to write p − q =
g(x)− g(y) = ∫ 10 Dg(tx+ (1− t)y)(x− y)dt, so that by virtue of Dg(y)(x− y) ∈ TqΣ
and Dg(ξ)−Dg(η) = Du(ξ)−Du(η) for all ξ, η ∈ F we derive the identity
ΠTqΣ⊥(p− q) =
∫ 1
0
ΠTqΣ⊥ ((Du(tx+ (1− t)y)−Du(y)) (x− y)) dt
=
∫ 1
0
∫ 1
0
ΠTqΣ⊥
( d
dσ
Du (σ (tx+ (1− t)y) + (1− σ) y)|σ=s (x− y)
)
ds dt,
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which yields the estimate |ΠTqΣ⊥(p− q)| ≤ ‖D2u‖C0(F∩BN (0)) · |q− p|2. Combining this
with (4.2) and (4.3) leads to the proof of (4.1). Finally, integrating (4.1) for τ > 0 over
Σ ∩BN (0)× Σ ∩BN (0) one obtains Eτ (Σ ∩BN (0)) <∞. 
With a covering argument (as in the proof of Theorem 1.5 below) one can show the
following corollary.
Corollary 4.2. Embedded locally compact C2-submanifolds have locally finite energy
Eτ for all τ > 0.
A closer look on the proof of Lemma 4.1 reveals that a substantially lower regularity
already guarantees finite Mo¨bius energy.
Lemma 4.3 (Fractional Sobolev regularity). Let F ∈ G (n,m), 1 ≤ m ≤ n, τ > 0,
u ∈ C0,1 ∩W 1+ 11+τ ,(1+τ)m(F, F⊥), Σu := graphu, and fix a point z = ζ + u(ζ) ∈ Σu.
Then for all r > 0 there is a constant C = C(τ,m,Lipu) > 0 such that Eτ (Σu ∩
Br(z)) ≤ C[Du](1+τ)m(1+τ)−1, (1+τ)m.
Proof. Applying the Area Formula [17, Theorem 3.9 & Section 3.3.4B] we find a con-
stant C > 0 depending on m and on Lipu such that
Eτ (Σu∩Br(z)) ≤ C
∫
F∩Br(ζ)
∫
F∩Br(ζ)
Lτ
(
g(x), g(y), Tg(x)Σu, Tg(y)Σu
)
|g(x)− g(y)|2m dH
m(x)dH m(y),
where we used the notation g(ξ) := ξ + u(ξ) for ξ ∈ F as in the proof of Lemma 4.1.
As in that proof we can adjust the constant C (now depending also on τ) to bound
the numerator of the integrand from above by
C · [<) (Tg(x)Σu, Tg(y)Σu)(1+τ)m + (2|g(x)− g(y)|−1|ΠTg(y)Σ⊥u (g(x)− g(y))|)(1+τ)m].
For the second term one estimates |ΠTg(y)Σ⊥u (g(x) − g(y))| ≤
∫ 1
0 |Du(tx + (1 − t)y) −
Du(y)| · |x− y| dt, which together with Lemma B.1 and |x− y| ≤ |g(x)− g(y)| implies
Eτ (Σu ∩Br(z)) ≤ C
∫
F∩Br(ζ)
∫
F∩Br(ζ)
‖Du(x)−Du(y)‖(1+τ)m
|x− y|2m dH
m(x) dH m(y)
+ C
∫ 1
0
∫
F∩Br(ζ)
∫
F∩Br(ζ)
‖Du(tx+ (1− t)y)−Du(y)‖(1+τ)m
|x− y|2m dH
m(x) dH m(y) dt.
Changing variables to x˜ = tx+ (1− t)y yields |x− y| = |x˜− y|/t, so that
Eτ (Σu ∩Br(z)) ≤ C (1 + 1/(m+ 1)) [Du](1+τ)m(1+τ)−1,(1+τ)m. (4.4)

Proof of Theorem 1.5. Consider an embedded compact submanifold of Rn with local
graph representations of class C0,1∩W 1+(1+τ)−1,(1+τ)m. Then, we can find z1, . . . , zn ∈
Σ and radii ri > 0, such that Σ ⊂
⋃N
i=1 Σ∩Bri/2(zi) and Σ∩Bri(zi) = (zi + graphui)∩
Bri(zi) with ui ∈ C0,1(Fi, F⊥i ) ∩ W 1+(1+τ)
−1,(1+τ)m(Fi, F
⊥
i ) where Fi ∈ G (n,m) for
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i = 1, . . . , N. Set r := min{r1/2, . . . , rN/2} to obtain Σ∩Br(q) ⊂ Σ∩Bri(zi) for every
q ∈ Σ ∩Bri/2(zi), which together with (4.4) implies∫
Σ
∫
Σ∩Br(q)
Lτ (p, q, TpΣ, TqΣ) |p− q|−2m dH m(p) dH m(q)
≤
∑N
i=1
∫
Σ∩Bri/2(zi)
∫
Σ∩Bri (zi)
Lτ (p, q, TpΣ, TqΣ) |p− q|−2m dH m(p) dH m(q)
≤
∑N
i=1
Eτ
(
Σui ∩Bri(zi)
)≤C (1 + 1/(m+ 1))∑N
i=1
[Dui]
(1+τ)m
(1+τ)−1,(1+τ)m.
On the other hand, the integrand is bounded from above by r−2m for all q ∈ Σ and
p ∈ Σ \Br(q), so that we finally arrive at
Eτ (Σ) < C (1 + 1/(m+ 1))
∑N
i=1
[Dui]
(1+τ)m
(1+τ)−1,(1+τ)m +H
m(Σ)2r−2m <∞.

Appendix A. Angles
We first recall in Lemma A.1 some general identities for the angle metric (1.5) on the
Grassmannian G (n,m), demonstrate a simple inclusion for two cones around different
m-planes and with different opening angles (Lemma A.2), and estimate in Lemma A.3
the angle between two planes approximating a set in two different ways on different
scales. Then we introduce principal angles and relate these to the angle metric (see
Definition A.4–Lemma A.6), which finally allows us to compare in Corollary A.7 our
Mo¨bius invariant energies Eτ to the Kusner-Sullivan energy EKS.
Lemma A.1 (8.9 (3) in [3]). Let F,G ∈ G (n,m), then
‖ΠF−ΠG‖ = ‖ΠF⊥−ΠG⊥‖ = ‖ΠF⊥ ◦ΠG‖ = ‖ΠF ◦ΠG⊥‖ = ‖ΠG⊥ ◦ΠF ‖ = ‖ΠG◦ΠF⊥‖.
Recall from (1.7) our notation Cx(β, F ) for a cone around F ∈ G (n,m), centered at
x with opening angle 2 arctanβ.
Lemma A.2 (Cone Lemma). Let p ∈ Rn, F,G ∈ G (n,m) with <)(F,G) ≤ χ for some
χ ≥ 0, and assume that σ, κ ≥ 0 satisfy
0 ≤ σ + (1 + σ)χ
1− (1 + σ)χ ≤ κ. (A.1)
Then we have Cp(σ, F ) ⊂ Cp(κ,G).
Proof. Let z ∈ Cp(σ, F ) and estimate
|ΠG⊥(z − p)| ≤ |ΠF⊥(z − p)|+ χ|z − p|
≤ σ|ΠF (z − p)|+ χ|ΠG(z − p)|+ χ|ΠG⊥(z − p)|
≤ σ|ΠG(z − p)|+ (σ + 1)χ
(|ΠG(z − p)|+ |ΠG⊥(z − p)|),
which implies after absorbing the last summand
(
1 − χ(1 + σ))|ΠG⊥(z − p)| ≤ (σ +
(1 + σ)χ
)|ΠG(z − p)|, proving the claim by means of assumption (A.1). 
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For the following estimate between two approximating planes recall Definition (3.2)
of the theta-number with respect to a fixed plane.
Lemma A.3. Let p1, p2 ∈ Σ ⊂ Rn and 0 < r1 ≤ r2, d1, d2 ∈ (0, 1/2), and F1, F2 ∈
G (n,m) such that |p1 − p2| < r1/2, and
dist
(
ξ,Σ ∩Br1(p1)
) ≤ d1r1 for all ξ ∈ (p1 + F1) ∩Br1(p1), (A.2)
βΣ(p2, F2, r2) ≤ d2. (A.3)
Then there is a constant C˜ = C˜(m) >
√
2 with <)(F1, F2) ≤ 2C˜(d1+2d2r2/r1)/(1−2d1).
Proof. For an orthonormal basis {e1, . . . , em} of F1 and an arbitrary ε ∈ (0, (1−2d1)/2)
we set x0 := p1 and
xi := p1 + (1− 2d1 − 2ε)r1 · ei/2 ∈ (p1 + F1) ∩Br1(p1) for i = 1, . . . ,m. (A.4)
By means of (A.2) we can find qi ∈ Σ ∩Br1(p1) such that
|qi − xi| ≤ (d1 + ε)r1 for all i = 1, . . . ,m. (A.5)
Additionally, we define q0 := p1 so that |qi − p1| ≤ |qi − xi| + |xi − p1| ≤ (d1 +
ε)r1 + (1− 2d1 − 2ε)r1/2 = r1/2 for all i = 1, . . . ,m. Consequently, |qi − p2| ≤ |qi −
p1| + |p1 − p2| < r1 ≤ r2 for all i ∈ {1, . . . ,m} and |q0 − p2| = |p1 − p2| < r12 < r2.
Hence, qi ∈ Σ ∩ Br2(p2) for all i ∈ {0, . . . ,m}. Now we can use (A.3) to obtain points
yi ∈ (p2 + F2) ∩Br2(p2) with
|yi − qi| ≤ d2r2 for all i = 0, . . . ,m. (A.6)
For i ∈ {1, . . . ,m} we can define x˜i := xi−x0|xi−x0| = ei ∈ F1 and y˜i :=
yi−y0
|xi−x0| ∈ F2. Then
(A.4)–(A.6) imply for all i = 1, . . . ,m
|x˜i − y˜i| = 2
(1− 2d1 − 2ε)r1 |xi − x0 − yi + y0| ≤
2
1− 2d1 − 2ε
(
d1 + ε+ 2r2d2/r1
)
.
Consequently, if
2 (d1 + 2r2d2/r1) /(1− 2d1) < 1/
√
2, (A.7)
then we can choose 0 < ε  1 such that dist (ei, F2) ≤ |x˜i − y˜i| < 1/
√
2 for all
i = 1, . . . ,m. Applying [31, Prop. 2.5] then yields a constant C˜ = C˜(m) >
√
2 with
<)(F1, F2) ≤ 2C˜ ·(d1 + ε+ 2r2d2/r1) /(1−2d1−2ε). We conclude this case by taking the
limit ε → 0. If (A.7) does not hold, then the desired inequality for <)(F1, F2) trivially
holds true for the same constant C˜. 
Now we recall the definition of principal angles.
Definition A.4 (Ch. 12.4.3 in [20]). For two m-planes F,G ∈ G (n,m), the principal
angles ϑ1, . . . , ϑm ∈ [0, pi/2] are given by cosϑ1 := supx∈F∩Sn−1 supy∈G∩Sn−1 |〈x, y〉| and
cosϑk := sup
x∈F∩Sn−1
x⊥span(x1,...,xk−1)
sup
y∈G∩Sn−1
y⊥span(y1,...,yk−1)
|〈x, y〉| for k ∈ {2, . . . ,m}.
Here, for each k ∈ {1, . . . ,m} the principal vectors xk ∈ (F \ span(x1, . . . , xk−1)) ∩
Sn−1 and yk ∈ (G \ span(y1, . . . , yk−1)) ∩ Sn−1 are chosen to satisfy 〈xk, yk〉 = cosϑk.
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It is mentioned in [20, Ch. 12.4.3] that one can find principal vectors such that
〈xi, yj〉 =
{
cosϑi if i = j,
0 if i 6= j, (A.8)
by virtue of the singular value decomposition of a matrix. Moreover, each set of prin-
cipal vectors forms an orthonormal basis of the corresponding plane.
Lemma A.5 (Angle metric vs. principal angle). For F,G ∈ G (n,m) one has sinϑm =
<)(F,G), where ϑm ∈ [0, pi/2] denotes the largest principal angle for F and G.
Proof. For a collection of principal vectors of F and G satisfying (A.8), we define
X1 :=
(
x1| . . . |xm
) ∈ Rn×m and Y1 := (y1| . . . |ym) ∈ Rn×m. With an orthonormal
basis (xm+1, . . . , xn) of F
⊥ and (ym+1, . . . , yn) of G⊥, we set X2 :=
(
xm+1| . . . |xn
) ∈
Rn×(n−m) and Y2 :=
(
ym+1| . . . |yn
) ∈ Rn×(n−m). Then, X := (X1|X2) and Y :=(
Y1|Y2
)
are orthogonal matrices, and so is XT · Y . In particular, for z = (ζ, 0) ∈
(Rm × {0}n−m) ∩ Sn−1, one finds 1 = ∣∣XT · Y · z∣∣2 = ∣∣XT1 · Y1 · ζ∣∣2 + ∣∣XT2 · Y1 · ζ∣∣2.
Therefore,∥∥XT2 · Y1∥∥ := sup
ζ∈Rm∩Sm−1
∣∣XT2 · Y1 · ζ∣∣ = √1− inf
ζ∈Rm∩Sm−1
∣∣XT1 · Y1 · ζ∣∣2. (A.9)
By choice of x1, . . . , xm and y1, . . . , ym one finds X
T
1 · Y1 = diag(cosϑ1, . . . , cosϑm).
Consequently, the right hand side of (A.9) is equal to
√
1− cos2 ϑm = sinϑm. On the
other hand, we have ΠF⊥(z) = X2 · XT2 · z and ΠG(z) = Y1 · Y T1 · z for all z ∈ Rn.
Together with Lemma A.1 and the orthogonality of X and Y , one finds
<)(F,G) = ‖ΠF⊥ ◦ΠG‖ =
∥∥X2 ·XT2 · Y1 · Y T1 ∥∥ = ∥∥XT ·X2 ·XT2 · Y1 · Y T1 · Y ∥∥ =∥∥( 0
XT2
)
· (Y1 | 0) ∥∥ = ∥∥XT2 · Y1∥∥ , which coincides with the left hand side of (A.9).

Lemma A.6 (Combined angle). For F,G ∈ G (n,m) and cosϑ := Πmi=1 cosϑi, where
ϑ1, . . . , ϑm are the principal angles for F and G, one has sinϑm ≤ sinϑ ≤
√
m sinϑm,
and
0 ≤ (1− cosϑ)m ≤ (sinϑ)(1+τ)m ∀τ ∈ [0, 1), (A.10)
0 ≤ 2−m(sinϑ)2m ≤ (1− cosϑ)m ≤ (sinϑ)2m, (A.11)
0 ≤ c · (sinϑ)(1+τ)m ≤ (1− cosϑ)m ∀τ ∈ (1,∞), (A.12)
where c = c(τ,m) := min
{
1,
(
1− 1τ
)
m−(1+τ)/2 · (1− 1
τ2
)−(1+τ)}m
> 0.
Proof. The ordering 0 ≤ ϑ1 ≤ · · · ≤ ϑm ≤ pi/2 implies (cosϑm)m ≤ cosϑ ≤ cosϑm, so
that
sinϑm =
√
1− cos2 ϑm ≤
√
1− cos2 ϑ = sinϑ. (A.13)
On the other hand, by the formula for the geometric series, one has 1− (cosϑm)2m =
(1− cos2 ϑm) ·
∑m−1
i=0 (cosϑm)
2i ≤ (1− cos2 ϑm) ·m. Hence, we obtain
sinϑ =
√
1− cos2 ϑ ≤
√
1− (cosϑm)2m ≤
√
m ·
√
1− cos2 ϑm =
√
m sinϑm. (A.14)
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Combining (A.13) and (A.14) yields sinϑm ≤ sinϑ ≤
√
m sinϑm. For the remaining
inequalities, we define hτ (ϑ) := (1− cosϑ) · (sinϑ)−(1+τ) and compute
lim
ϑ→pi/2
hτ (ϑ) = 1 and lim
ϑ→0
hτ (ϑ) =

0 for τ ∈ [0, 1),
1/2 for τ = 1,
∞ for τ ∈ (1,∞).
(A.15)
For ϑ ∈ (0, pi/2) we can differentiate hτ to obtain h′τ (ϑ) = (sinϑ)−τ · [1− (1 + τ)cosϑ ·
(1 + cosϑ)−1]. In the case τ ≤ 1, one finds (1 + τ)cosϑ/(1 + cosϑ) ≤ (1 + τ)/2 ≤ 1
guaranteeing that hτ is non-decreasing on (0, pi/2). Together with (A.15) this implies
(A.10) and (A.11). In the case τ > 1, one finds that h′τ (ϑ) = 0 if and only if cosϑ = 1/τ,
and therefore (A.12) holds true. 
Since the numerator (1.4) in the energy density of the Kusner-Sullivan energy EKS
uses the combined angle defined in Lemma A.6 it is easy to conclude from the inequal-
ities in that lemma the following comparison result for Eτ and EKS.
Corollary A.7. For Σ ∈ A m(α,M) one finds
0 ≤ EKS(Σ) ≤
√
m
(1+τ)m
Eτ (Σ) for all τ ∈ [0, 1), (A.16)
0 ≤ 2−mEτ (Σ) ≤ EKS(Σ) ≤ mmEτ (Σ) for τ = 1, (A.17)
0 ≤ cEτ (Σ) ≤ EKS(Σ) for all τ ∈ (1,∞), (A.18)
where c = c(τ,m) > 0 is the constant defined in Lemma A.6.
Remark A.8. We observe that a wedge-shaped singularity leads to infinite Eτ -energy
for any τ > −1. Indeed, consider for simplicity the set Σβ = {xe1 +β|x|e2 +ye3 : x, y ∈
R} ⊂ R3 for β ∈ (0,∞) and an orthonormal basis {e1, e2, e3}, and set H(p) to be
tangential to the set for all p = p(x, y) ∈ Σβ with x 6= 0. For i ∈ N let pi := (e1+βe2)/2i
and qi = (−e1+βe2+e3)/2i. Then we can compute |pi−qi| =
√
5/2i, |〈e3, pi−qi〉| = 2−i
and |ΠH(pi)⊥(pi− qi)| = 2β/(2i
√
1 + β2). Therefore, we find for κ(β) := β/(4
√
1 + β2)
and εi := κ/2
i a constant C = C(β,m, τ) > 0 such that Fτ (µ, η, e3)/|µ−η|2m ≥ 22miC
for all η ∈ Bεi(pi) ∩ Σβ and µ ∈ Bεi(qi) ∩ Σβ, where we used that e3 ∈ H(η) = H(pi)
for all such η. Moreover, for η1 ∈ Bεi1 (pi1) and η2 ∈ Bεi2 (pi2) with i1 < i2, one finds
|η1 − η2| > (1− κ)/2i1 − (1 + κ)/2i2 ≥ (1− 3κ)/2i1+1 > 0 since κ < 1/4. Hence, the εi
neighbourhoods of the pi are disjoint. Analogously, the same holds true for qi. Finally,
for any N ∈ N there is an index i0 ∈ N such that
Eτ (Σβ ∩BN (0)) ≥
∑∞
i=i0
∫
Σβ∩Bεi (qi)
∫
Σβ∩Bεi (pi)
Fτ (µ, η, e3)
|µ− η|2m dH
m(η) dH m(µ)
≥
∑∞
i=i0
ω2m · (κ/2i)2m · 22miC =∞.
Appendix B. Lipschitz graphs
First, in Lemma B.1, we estimate the deviation of a Lipschitz graph’s tangent plane
from its domain plane. Then in Lemma B.2 we shift Lipschitz functions without chang-
ing the trace of the graph, and in the Tilting Lemma B.3, we provide a lower bound
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on the size of the projection of a Lipschitz graph onto a plane slightly tilted from its
domain plane. Similarly, we prove in Lemma B.4 that almost orthogonal planes inter-
sect Lipschitz graphs in exactly one point, and finally, we prove that the intersection
of two Lipschitz graphs that are sufficiently flat in comparison to the angle between
their domain planes is contained in a lower-dimensional graph; see Lemma B.5. This
quantitative result generalizes the well-known fact that the transversal intersection of
two C1-submanifolds constitutes a lower-dimensional C1-submanifold as, e.g., proven
in [21, p. 30].
Lemma B.1. Let β ∈ [0, 1), F ∈ G (n,m), and assume u ∈ C0,1(F, F⊥) satisfies
Lipu ≤ β. For x, y ∈ F , with p = x + u(x) and q = y + u(y), such that Du(x) and
Du(y) exist, one finds <) (Tp (graphu) , F ) ≤ ‖Du(x)‖ ≤ β, and
<) (Tp (graphu) , Tq (graphu)) ≤ ‖Du(x)−Du(y)‖ ≤
√
1 + β2
1− β2 <) (Tp graphu, Tq graphu) .
Proof. This is an immediate implication of 8.9 (5) in [3]. 
Lemma B.2 (Shifting Lemma). For any x ∈ p + graphu, where u ∈ C0,1(F, F⊥),
F ∈ G (n,m), there exists a function u˜ ∈ C0,1(F, F⊥) with Lip u˜ = Lipu and u˜(0) = 0,
such that x+ graph u˜ = p+ graphu.
Proof. For x = p+ ξ+ u(ξ), ξ ∈ F , set u˜(y) := u(y+ ξ)− u(ξ). Then the claim follows
from the following identity for an arbitrary point q ∈ p+ graphu:
q = p+ η + u(η) = x+ η − ξ + u(η)− u(ξ) = x+ η − ξ + u˜(η − ξ).

Lemma B.3 (Tilting Lemma). Let F,G ∈ G (n,m) satisfy <)(F,G) ≤ χ for some
χ ∈ [0, 1), and suppose u ∈ C0,1(F, F⊥) with u(0) = 0 and whose Lipschitz constant
Lipu satisfies σ := χ(1 + Lipu) < 1. Then we have
B (1−σ)%√
1+(Lipu)2
(0) ∩G ⊂ ΠG (graphu ∩B%(0)) for all % > 0.
Proof. For p ∈ graphu set x := ΠF (p), z := ΠG(p) and estimate
|x− z| = |(ΠF −ΠG) (p)| ≤ χ|p| = χ|x+ u(x)| ≤ χ (1 + Lipu) |x| = σ|x|, (B.1)
since u(0) = 0. Define φ1 : F → graphu, x 7→ x + u(x) and φ2 : graphu → G by
p 7→ ΠG(p), and look at the composition φ := φ2 ◦ φ1 : F → G, then (B.1) implies
|x− φ(x)| ≤ σ|x| for all x ∈ F. (B.2)
Taking the linear isometry IF : F → Rm and define Ψ ∈ C0(Rm,Rm) by Ψ := IF ◦
ΠF |G ◦ φ ◦ I−1F : Rm → Rm we infer from (B.2) the inequality
|ξ −Ψ(ξ)| = |IF (x)−Ψ(IF (x))| = |IF (x)− IF ◦ΠF |G ◦ φ(x)|
= |x−ΠF |G ◦ φ(x)| = |ΠF (x− φ(x))| ≤ |x− φ(x)|
≤ σ|x| = σ|I−1F (ξ)| = σ|ξ| for all ξ = IF (x) ∈ Rm. (B.3)
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Applying [33, Prop. 2.5] to F := Ψ, we find for any given % > 0 that for all η ∈
B(1−σ)%(0) ⊂ Rm, there exists a ξ ∈ B%(0), such that Ψ(ξ) = η. Moreover, for each
y ∈ F ∩ B(1−σ)%(0), there is a unique η ∈ B(1−σ)%(0) ⊂ Rm, such that y = I−1F (η), so
that with x := I−1F (ξ) ∈ F ∩B%(0) for ξ as above one finds ΠF |G ◦φ(x) = I−1F ◦Ψ(ξ) =
I−1F (η) = y, which implies that φ : F → G is surjective since ΠF |G is bijective, due to
<)(F,G) ≤ χ < 1, see [33, Lem. 2.2]. Notice that φ(0) = φ2 ◦ φ1(0) = φ2(0 + u(0)) =
ΠG(0) = 0, and (B.2) implies that (1 + σ)|x| ≥ |φ(x)| ≥ (1 − σ)|x| for all x ∈ F, so
that
G∩Br(0) ⊂ φ
(
B r
1−σ
(0) ∩ F ) = ΠG◦φ1(B r
1−σ (0)
∩ F ) ⊂ ΠG( graphu ∩B√1+(Lipu)2r
1−σ
(0)
)
,
because |x+ u(x)|2 = |x|2 + |u(x)|2 ≤ (1 + (Lipu)2) |x|2 for all x ∈ F. 
Lemma B.4 (Quasi-normal Planes). Let β, τ > 0 satisfy β+ τ < 1, and suppose there
are m-planes G,F ∈ G (n,m) with <)(G,F ) ≤ τ , and a function u ∈ C0,1(G,G⊥) with
Lipu ≤ β. Then for any point p ∈ Rn one has
(p+ graphu) ∩ (z + F⊥) = {z} for all z ∈ p+ graphu.
Proof. For z = p+ ζ +u(ζ), ζ ∈ G, and any other graph point x = p+ ξ+u(ξ), ξ ∈ G,
one has |ΠG⊥(x − z)| = |u(ξ) − u(ζ)| ≤ β|ξ − ζ| = β|ΠG(x − z)| which proves that
the graph p + graphu is contained in the cone Cz(β,G) for any graph point z. For
arbitrary y ∈ (z + F⊥) one has ΠF (y − z) = 0, so that
|ΠG⊥(y − z)| ≥ |ΠF⊥(y − z)| − τ |y − z| = (1− τ)|y − z|
≥ (1− τ)|ΠG(y − z)| > β|ΠG(y − z)| for all y ∈ (z + F⊥) \ {z},
i.e., (z + F⊥) \ {z} ∩ Cz(β,G) = ∅. 
Lemma B.5 (Intersecting Lipschitz Graphs). Assume
0 ≤ σ < χ/8 < 1/8. (B.4)
Then for any two m-planes F,G ∈ G (n,m) with <) (F,G) ≥ χ and for functions
f ∈ C0,1(F, F⊥), g ∈ C0,1(G,G⊥) satisfying f(0) = 0 = g(0), Lip f ≤ σ, Lip g ≤
σ, the intersection of their graphs is contained in the graph of a Lipschitz function
with an at most (m − 1)-dimensional domain. More precisely, there exists a j-plane
X ∈ G(n, j) for some 0 ≤ j ≤ m − 1, and a Lipschitz function S ∈ C0,1(X,X⊥),
such that the intersection graph f ∩ graph g is contained in graphS. In particular,
dimH (graph f ∩ graph f) ≤ j ≤ m− 1.
Proof. Let {x1, . . . , xm} ⊂ F and {y1, . . . , ym} ⊂ G be two sets of orthonormal princi-
pal vectors satisfying (A.8). Then by Lemma A.5 we find a minimal j ∈ {0, . . . ,m−1}
such that sinϑk ≥ χ for all k ≥ j + 1. Here, ϑk denotes the k-th principal angle as
defined in Definition A.4. Then, for any v ∈ span{xj+1, . . . , xm}, i.e., v =
∑m
i=j+1 aixi,
we obtain
|ΠG(v)|2 =
∣∣∑m
k=1
〈v, yk〉yk
∣∣2 = ∑m
k=j+1
|ak|2 · |〈xk, yk〉|2 =
∑m
k=j+1
|ak|2 cos2 ϑk
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≤
∑m
k=j+1
|ak|2 cos2 ϑ2j+1 = |v|2 cos2 ϑj+1,
where we used the monotonicity of ϑk and (A.8). Consequently,
|ΠG⊥(v)|2 = |v|2 − |ΠG(v)|2 ≥ |v|2
(
1− cos2 ϑj+1
)
= |v|2 sin2 ϑj+1 ≥ |v|2 · χ2. (B.5)
First, we investigate the case j = 0 which can only occur if F ∩G = {0} and, therefore,
n ≥ 2m. Since f(0) = 0 = g(0) the origin is contained in graph f∩graph g, and we claim
that this intersection contains no other point, thus proving the lemma in this simple
situation. Assume contrariwise that there is a point q ∈ graph f∩graph g\{0}. Then the
the Lipschitz continuity of f implies |ΠF⊥(q)| ≤ σ|ΠF (q)|, so that |q| ≤ (1+σ)|ΠF (q)|,
from which we infer by means of (B.5) applied to v := ΠF (q)
|ΠG⊥(q)| ≥ |ΠG⊥ (ΠF (q)) | − |ΠG⊥ (ΠF⊥(q)) | ≥ χ|ΠF (q)| − |ΠF⊥(q)|
≥ (χ− σ) |ΠF (q)| ≥ (χ− σ)(1 + σ)−1|q|. (B.6)
The Lipschitz continuity of g, on the other hand, yields |ΠG⊥(q)| ≤ σ|ΠG(q)| ≤ σ|q|,
which can be combined with (B.6) to find (χ− σ)(1 + σ)−1 ≤ σ contradicting (B.4).
If j > 0, then we define Z := F ∩ G = span{x1, . . . , xi}, where we allow i = 0 if
F ∩G = {0}, Y := span{xj+1, . . . , xm}, W := F ∩ span {Z, Y }⊥ = {xi+1, . . . , xj}, and
X := F ∩ Y ⊥ = span{x1, . . . , xj}. We claim that for all q1, q2 ∈ graph f ∩ graph g, and
C := 5(χ− 8σ)−1, we have
|ΠY (q2 − q1)| ≤ C|ΠX(q2 − q1)|. (B.7)
Assuming the contrary, one finds q1, q2 ∈ graph f ∩ graph g with
|ΠX(q2 − q1)| < |ΠY (q2 − q1)|/C. (B.8)
As in the first case, the Lipschitz continuity of f and g yields
|ΠF⊥(q2 − q1)| ≤ σ |ΠF (q2 − q1)| ≤ σ|q2 − q1|, (B.9)
|ΠG⊥(q2 − q1)| ≤ σ |ΠG(q2 − q1)| ≤ σ|q2 − q1|. (B.10)
Since IdRn = ΠX + ΠY + ΠF⊥ and ΠF = ΠX + ΠY , (B.10) and (B.8) guarantee
|q2 − q1| = | (ΠX + ΠY + ΠF⊥) (q2 − q1)| ≤ (1 + σ) (|ΠX(q2 − q1)|+ |ΠY (q2 − q1)|)
< (1 + σ) (1 + 1/C) |ΠY (q2 − q1)|. (B.11)
Setting pi := ΠX⊥(qi) for i = 1, 2, we compute ΠG⊥(q2 − q1) = ΠG⊥ (ΠX(q2 − q1)) +
ΠG⊥(p2 − p1). Consequently, (B.8) and (B.10) imply
|ΠG⊥(p2 − p1)| ≤ |ΠG⊥(q2 − q1)|+ |ΠG⊥(ΠX(q2 − q1))| ≤ (σ + 1/C)|q2 − q1|. (B.12)
On the other hand, since ΠX⊥ = ΠY + ΠF⊥ , (B.5), (B.9), and (B.11) guarantee
|ΠG⊥(p2 − p1)| ≥ |ΠG⊥ (ΠY (q2 − q1))| − |ΠG⊥ (ΠF⊥(q2 − q1))| (B.13)
≥ χ |ΠY (q2 − q1)| − |ΠF⊥(q2 − q1)| >
(
χ(1 + σ)−1 (1 + 1/C)−1 − σ
)
|q2 − q1|.
Combining (B.12) and (B.13) yields χ(1 + σ)−1 (1 + 1/C)−1 − σ < σ + 1/C, contra-
dicting (B.4). Hence, (B.7) holds true. Therefore, for q1, q2 ∈ graph f ∩ graph g with
ΠX(q1) = ΠX(q2), one finds |ΠY (q2 − q1)| ≤ C|ΠX(q2 − q1)| = 0. Due to (B.9) and
ΠF = ΠX +ΠY , we obtain |ΠF⊥(q2− q1)| ≤ σ|ΠF (q2− q1)| = 0. Consequently, q1 = q2,
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i.e., for all x ∈ X, there exists at most one qx ∈ graph f∩graph g such that ΠX(qx) = x.
To define the map S set M := {x ∈ X : graph f ∩ graph g ∩ (x+X⊥) 6= ∅}. Then,
graph f ∩ graph g ∩ (x+X⊥) = {qx} for all x ∈M, (B.14)
and we obtain the well-defined map SM : M → X⊥, x 7→ qx − x. By (B.14) one finds
graph f ∩ graph g =
⋃
x∈X
(
graph f ∩ graph g ∩ (x+X⊥)) (B.15)
=
⋃
x∈M
(
graph f ∩ graph g ∩ (x+X⊥)) = ⋃
x∈M qx = graphSM .
Moreover, for ξ1, ξ2 ∈M , we can use the fact that qξi−ξi ∈ X⊥ and ξi ∈ X for i = 1, 2,
to write |SM (ξ1)−SM (ξ2)| = |qξ1−ξ1−(qξ2−ξ2)|, which equals |ΠX(qξ1−ξ1)+ΠX⊥(qξ1−
ξ1)−ΠX(qξ2−ξ2)−ΠX⊥(qξ2−ξ2)| = |ΠX⊥(qξ1−qξ2)|. This expression can be bounded
from above by |ΠY (qξ1−qξ2)|+|ΠF⊥(qξ1−qξ2)| since ΠX⊥ = ΠY +ΠF⊥ . With (B.9) and
ΠF = ΠX +ΠY we can compute |ΠF⊥(qξ1−qξ2)| ≤ σ(|ΠX(qξ1−qξ2)|+ |ΠY (qξ1−qξ2)|).
Consequently, |SM (ξ1)− SM (ξ2)| is bounded from above by ((1 + σ)C + σ) |ΠX(qξ1 −
qξ2)|, where we additionally applied (B.7). Finally, using qξi − ξi ∈ X⊥ to derive the
identity |ΠX(qξ1 − qξ2)| = |ξ1− ξ2 + ΠX(qξ1 − ξ1)−ΠX(qξ2 − ξ2)| = |ξ1− ξ2|, we obtain
|SM (ξ1)− SM (ξ2)| ≤ ((1 + σ)C + σ) |ξ1 − ξ2|. (B.16)
Hence, SM is Lipschitz continuous with LipSM ≤ (1 + σ)C + σ. Due to Kirszbraun’s
theorem [18, 2.10.43] we can find a Lipschitz continuous extension S : X → X⊥ with
LipS = LipSM . Hence, we have
graph f ∩ graph g = graphSM ⊂ graphS. (B.17)
In particular, by virtue of [17, 2.4.2 Thm. 2 (ii)] and dimX = j, we finally conclude
dimH (graph f ∩ graph g) ≤ dimH (graphS) = j. 
Acknowledgments
The first author was partially supported by NCN Grant no. 2013/10/M/ST1/00416
Geometric curvature energies for subsets of the Euclidean space. The second author’s
work is partially funded by DFG Grant no. Mo 966/7-1 Geometric curvature func-
tionals: energy landscape and discrete methods and by the Excellence Initiative of the
German federal and state governments.
References
[1] Abrams, A., Cantarella, J., Fu, J. H. G., Ghomi, M., and Howard, R. Circles minimize
most knot energies. Topology 42, 2 (2003), 381–394.
[2] Agol, I., Marques, F. C., and Neves, A. Min-max theory and the energy of links. J. Amer.
Math. Soc. 29, 2 (2016), 561–578.
[3] Allard, W. K. On the first variation of a varifold. Ann. of Math. (2) 95 (1972), 417–491.
[4] Auckly, D., and Sadun, L. A family of Mo¨bius invariant 2-knot energies. In Geometric topology
(Athens, GA, 1993), vol. 2 of AMS/IP Stud. Adv. Math. Amer. Math. Soc., Providence, RI, 1997,
pp. 235–258.
[5] Blatt, S. Boundedness and regularizing effects of O’Hara’s knot energies. J. Knot Theory Ram-
ifications 21, 1 (2012), 1250010, 9.
[6] Blatt, S. The gradient flow of the Mo¨bius energy near local minimizers. Calc. Var. Partial
Differential Equations 43, 3-4 (2012), 403–439.
38 BASTIAN KA¨FER AND HEIKO VON DER MOSEL
[7] Blatt, S. The energy spaces of the tangent-point energies. J. Topol. Anal. 5, 261 (2013), 261–270.
[8] Blatt, S. The gradient flow of the Mo¨bius energy: ε-regularity and consequences. Anal. PDE 13,
3 (2020), 901–941.
[9] Blatt, S., Ishizeki, A., and Nagasawa, T. A Mo¨bius invariant discretization of O’Hara’s
Mo¨bius energy. arXiv e-prints (Sep 2018), arXiv:1809.07984 .
[10] Blatt, S., Ishizeki, A., and Nagasawa, T. A Mo¨bius invariant discretization and decomposition
of the Mo¨bius energy. arXiv e-prints (Apr 2019), arXiv:1904.06818 .
[11] Blatt, S., and Kolasin´ski, S. Sharp boundedness and regularizing effects of the integral Menger
curvature for submanifolds. Adv. Math. 230, 3 (2012), 839–852.
[12] Blatt, S., Reiter, P., and Schikorra, A. Harmonic analysis meets critical knots. Critical
points of the Mo¨bius energy are smooth. Trans. Amer. Math. Soc. 368, 9 (2016), 6391–6438.
[13] Blatt, S., and Vorderobermeier, N. On the analyticity of critical points of the Mo¨bius energy.
Calc. Var. Partial Differential Equations 58, 1 (2019), Art. 16, 28.
[14] David, G., Kenig, C., and Toro, T. Asymptotically optimally doubling measures and Reifen-
berg flat sets with vanishing constant. Comm. Pure Appl. Math. 54, 4 (2001), 385–449.
[15] Di Nezza, E., Palatucci, G., and Valdinoci, E. Hitchhiker’s guide to the fractional Sobolev
spaces. Bull. Sci. Math. 136, 5 (2012), 521–573.
[16] Dunning, R. P. Optimally immersed planar curves under Mo¨bius energy. J. Knot Theory Ram-
ifications 20, 10 (2011), 1381–1390.
[17] Evans, L. C., and Gariepy, R. F. Measure theory and fine properties of functions, revised ed.
Textbooks in Mathematics. CRC Press, Boca Raton, FL, 2015.
[18] Federer, H. Geometric measure theory. Die Grundlehren der mathematischen Wissenschaften,
Band 153. Springer-Verlag New York Inc., New York, 1969.
[19] Freedman, M. H., He, Z.-X., and Wang, Z. Mo¨bius energy of knots and unknots. Ann. of
Math. (2) 139, 1 (1994), 1–50.
[20] Golub, G. H., and Van Loan, C. F. Matrix computations, third ed. Johns Hopkins Studies in
the Mathematical Sciences. Johns Hopkins University Press, Baltimore, MD, 2013.
[21] Guillemin, V., and Pollack, A. Differential topology. Prentice-Hall, Inc., Englewood Cliffs,
N.J., 1974.
[22] He, Z.-X. The Euler-Lagrange equation and heat flow for the Mo¨bius energy. Comm. Pure Appl.
Math. 53, 4 (2000), 399–431.
[23] Hong, G., and Wang, L. A new proof of Reifenberg’s topological disc theorem. Pacific J. Math.
246, 2 (2010), 325–332.
[24] Ishizeki, A., and Nagasawa, T. A decomposition theorem of the Mo¨bius energy I: Decomposi-
tion and Mo¨bius invariance. Kodai Math. J. 37, 3 (2014), 737–754.
[25] Ishizeki, A., and Nagasawa, T. A decomposition theorem of the Mo¨bius energy II: variational
formulae and estimates. Math. Ann. 363, 1-2 (2015), 617–635.
[26] Ishizeki, A., and Nagasawa, T. The invariance of decomposed Mo¨bius energies under inversions
with center on curves. J. Knot Theory Ramifications 25, 2 (2016), 1650009, 22.
[27] Ka¨fer, B. A Reifenberg type characterization for m-dimensional C1-submanifolds of Rn. Ann.
Acad. Sci. Fenn. Math. 44, 2 (2019), 693–721.
[28] Ka¨fer, B. Scale-invariant geometric curvature functionals, and characterization of Lipschitz- and
C1-submanifolds. PhD thesis, RWTH Aachen University, 2020. work in progress.
[29] Kolasin´ski, S. Integral Menger curvature for sets of arbitrary dimension and codimension.
PhD thesis, Institute of Mathematics, University of Warsaw, 2011. online available from
https://arxiv.org/abs/1011.2008.
[30] Kolasin´ski, S. Geometric Sobolev-like embedding using high-dimensional Menger-like curvature.
Trans. Amer. Math. Soc. 367, 2 (2015), 775–811.
[31] Kolasin´ski, S., Strzelecki, P., and von der Mosel, H. Characterizing W 2,p submanifolds
by p-integrability of global curvatures. Geom. Funct. Anal. 23, 3 (2013), 937–984.
[32] Kolasin´ski, S., and Szuman´ska, M. Minimal Ho¨lder regularity implying finiteness of integral
Menger curvature. Manuscripta Math. 141, 1-2 (2013), 125–147.
MO¨BIUS-INVARIANT SELF-AVOIDANCE ENERGIES 39
[33] Kolasin´ski, S. a., Strzelecki, P., and von der Mosel, H. Compactness and isotopy finiteness
for submanifolds with uniformly bounded geometric curvature energies. Comm. Anal. Geom. 26,
6 (2018), 1251–1316.
[34] Kube, D. U¨ber die Mo¨biusenergie planarer immergierter Kurven. Master’s thesis, RWTH Aachen
University, 2018.
[35] Kusner, R. B., and Sullivan, J. M. Mo¨bius energies for knots and links, surfaces and sub-
manifolds. In Geometric topology (Athens, GA, 1993), vol. 2 of AMS/IP Stud. Adv. Math. Amer.
Math. Soc., Providence, RI, 1997, pp. 570–604.
[36] Naumann, J., and Simader, C. G. Measure and integration on Lipschitz-manifolds.
Report 07-15, Humboldt University Berlin, 2007. online available from https://edoc.hu-
berlin.de/handle/18452/3425.
[37] O’Hara, J. Energy of a knot. Topology 30, 2 (1991), 241–247.
[38] O’Hara, J. Energy of knots and conformal geometry, vol. 33 of Series on Knots and Everything.
World Scientific Publishing Co. Inc., River Edge, NJ, 2003.
[39] O’Hara, J. Self-repulsiveness of energies for closed submanifolds. arXiv e-prints (Apr. 2020),
arXiv:2004.02351 .
[40] O’Hara, J., and Solanes, G. Regularized Riesz energies of submanifolds. Math. Nachr. 291,
8-9 (2018), 1356–1373.
[41] Rawdon, E. J., and Worthington, J. Error analysis of the minimum distance energy of a
polygonal knot and the Mo¨bius energy of an approximating curve. J. Knot Theory Ramifications
19, 8 (2010), 975–1000.
[42] Reifenberg, E. R. Solution of the Plateau Problem for m-dimensional surfaces of varying topo-
logical type. Acta Math. 104 (1960), 1–92.
[43] Reiter, P. Repulsive knot energies and pseudodifferential calculus for O’Hara’s knot energy
family E(α), α ∈ [2, 3). Math. Nachr. 285, 7 (2012), 889–913.
[44] Reiter, P., and Schumacher, H. Sobolev gradients for the Mo¨bius energy. arXiv e-prints (May
2020), arXiv:2005.07448 .
[45] Scholtes, S. Discrete Mo¨bius energy. J. Knot Theory Ramifications 23, 9 (2014), 1450045, 16.
[46] Simon, L. Reifenberg’s topological disk theorem. Report AB Analy-
sis, Tu¨bingen University, 1996. online available from https://www.math.uni-
tuebingen.de/ab/analysis/pub/leon/reifenberg/reifenberg.html.
[47] Strzelecki, P., and von der Mosel, H. Integral Menger curvature for surfaces. Adv. Math.
226, 3 (2011), 2233–2304.
[48] Strzelecki, P., and von der Mosel, H. Tangent-point repulsive potentials for a class of non-
smooth m-dimensional sets in Rn. Part I: Smoothing and self-avoidance effects. J. Geom. Anal.
23, 3 (2013), 1085–1139.
(B. Ka¨fer)
Institut fu¨r Mathematik
RWTH Aachen University
Templergraben 55
D-52062 Aachen, Germany
Email address: kaefer@instmath.rwth-aachen.de
(H. von der Mosel)
Institut fu¨r Mathematik
RWTH Aachen University
Templergraben 55
D-52062 Aachen, Germany
Email address: heiko@instmath.rwth-aachen.de
